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ON THE CONNECTION BETWEEN FIELDS 
AND PARTICLES 


By Jan RZEWUSKI, Physical Institute, Nicholas Copernicus 
University, Torun 


(received December 22, 1951) 


In the present paper the connection between field equations and equations 
of motion of particles is studied for the case of classical electrodynamics. The equa- 
tions of motion and the energy and momentum of the particles are derived from 
the corresponding notions for the field. The mass of the particle is purely electro- 
magnetic and is uniquely determined either by the self-force or by the self-energy 
and self-momentum. Most of the results are independent of the structure of the 
particles. : =" 


Introduction. The problem of deriving equations of motion of 
the particles from the field equations is a very old one. Its solution, 
however, was hindered by the appearance of infinite — and there- 
fore meaningless — quantities on the one hand and by the difficul- 
ties in formulating the problem in a relativistically invariant way 
on the other hand. Ż 

Nowadays the formalism of the field theory seems to be deve- 
loped far enough to enable us to surmount both hindrances. 

In a theory where all properties of particles are deducible from the 
properties of the fields there is no place for the notion of a mecha- 

| nical mass. This is a point which is used widely against the possibi- 
|. lity of such a theory. For example, it is impossible to explain the 
© mass of the neutron as its electromagnetic mass. However, it seems 
that these arguments do not exclude the notion of mass as origi- 
nating solely in the fields if one takes into account all fields contribu- 
ting to this mass as e. g. the meson fields. Besides we are not at 
all sure whether all, fields and all kinds of particles are already 
known. ft eee 
$ On the other hand an unambigous theory, free of infinities, — 5 
| demands an extended source model of some kind which, alter- k 
natively, may be viewed as a point source model with action at ei 
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a distance. In such a model certain functions must be introduced 
corresponding to the dimensions of the particle or to the distance 
at which action between a point particle and the field takes place. 
These functions are to a large extent arbitrary and they certainly 
may be assumed to be different not only for different particles but 
also for interactions of the same particle with different fields. The 
amount of arbitrariness introduced hereby seems to be sufficient to 
fit the field-masses with experimental data. 

It-is generally felt nowadays that the problem of elementary 
masses is that one which will forward the future’ development of 
the theory. From this point of view it seems interesting to study 
the connection of the structure of elementary particles with their 
masses. 

There are other points which make the notion of a field mass 
very attractive. One of them is the fact pointed out by Feynman 
(1948) that only in the framwork of a pure field theory it is pos- 
sible to explain classically pair creation and annihilation. Introduc- 
tion of a mechanical mass would spoil this possibility. Another 
important point is that there are no free particles in a pure field 
theory. As the notion of a free particle seems to have no physical 
meaning (unless as a limiting case), this seems to speak in favour 
of a field-mass. ‘ 


§ 1. General remarks. In this paper we consider only those 
types of field equations which are deducible from a variational] prin- 
ciple. We restrict ourselves to Lagrangians containing first order 
derivatives of the fields since higher order derivatives would bring 
nothing physically new into the theory as pointed out elsewhere 
(Rzewuski 1951). There seem to be two general types of Lagrangians 
describing fields interacting with particles. One type gives account 
of particles by means of inhomogeneities, the other by means of 
nonlinearities, In this paper only the, first type will be discussed. 
However, the considerations of this paragraph apply also to the 
‘second one. 

An important demand on the theory is that its equations are 
free of divergent and therefore meaningless terms. We shall, there- 
fore, consider a theory of the McManus (1948) type which may be 
viewed either as a theory of extended source or a theory of action 

at a distance. 


The principle of least action has the general form_ 


spisami at 
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and the field equations are the” correspondent Euler -Lagrange 
equations 


0 ƏL ƏL ag roy 
OK 9 PAu dAy Sa ( ,2) 
OW, 


To make a complete transition from the field picture to the 
particle pieture it is necessary to consider not only the field equa- 
tions but also’ the conceptions of energy-momentum and angular 
momentum densities. They follow, as is well known, from the action 
principle (1,1) if we study its change due to translations and rota- 
tions of space-time. The energy-momentum tensor 7,, and the angu- 
lar momentum tensor i 


Ma =A on oy Daa (1,3) 


are not conserved if the Lagrangian depends explicitly on the coor- 
dinates of space-time. Indeed in this case 


a jj 


o = 4 
OLy Ay (1,4) 


ck 
the subscript indicating differentiation with respect to the variable © 
contained explicitly in Z, 


OM ins 


IT yo, OT aa 
Ong : 


ox, 7 va 


Z SE m (1,5) 


This accounts for the fact that there is exchange of energy and 
momentum with the sources. : 

To the densities Tu» and Map» there correspond the usual iņ- 
tegral quantities: the energy-momentum four-vector 


h T,= | da, Tu, (o spacelike) (1,6) 
and the angular momentum tensor 
M,= | ac Mau, Uo Min Z (1,7) 


= 


To make the transition to the particle picture it is necessary 


to have solutions of the field equations corresponding in some way — 


to particles. Denoting the world lines of the particles by &4(Tn), 
n=l, 2,..., with the proper time Tn as parameter, we shall demand; 
therefore, the solutions A,(x) of the field equations (1,2) to be func- 


tionals of the functions é%, éw and possibly also higher order deri- 
| 14* 
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vatives. There is a large amount of arbitrariness in the choice of 

these functionals. However, if one form is chosen, the equations of 

motion for the particles follow from the action principle (1,1) ex- 

pressed by means of the particle coordinates and its derivatives. 

The energy-momentum and angular momentum are similarly dedu- 

cible from the corresponding quantities (1,6) and (1,7) for the field. 
An example of a functional representation for A,(#) is 


Ais)" | Ene, En ED A dzy; (1,8) 


n q% 


the only restriction on R, being that (1,8) satisfies as a function 
of w the field equations (1,2). In (1,8) the assumption has been made 
that A, is a sum of functionals each depending on the world line 
of one particle only. | 

In the next paragraphs we shall study in some detail the connection 
‘case between the field picture and the particle picture for the simple 
of electrodynamics. We hope to give a corresponding wa for other 
fields, e.g. a non linear, in subsequent papers. 


§ 2. Electrodynamics. The equations of motion. The field 
equations of electrodynamics are obtained from the action (1,1) with 
the specific Lagrangian 


= fuv funt Ausu, (2,1) 
where 
a DA, IA y 
luv = Oly OT, (2,2) 


is the rotation of the field A, and Sula ) is supposed to represent its 
sources. The Lagrangian (2, 1) depends explicitly on «s and belongs 
therefore to the first type discussed in § 1. The field. eqnations ue 
lowing from (1,1) and (2,1) are l 


Suv 


bu RA > (2,3) 


To obtain herefrom the Maxwell equations it is necessary to add the 
-~ subsidiary condition Hk 5 


3A E E hte ; 
= a > EA 
SAB which changes (2,3) into , 
IE 2A, | 
dw, owa (2,5) 


(= 
s kJ % 
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The solution of this equation has the general form 
Asie) = | G(a—w') do’ (2), (2,6) 


where G(w—x’) is a Green function of the equation (2,5) determined 
partially by the inhomogeneous equation 


OG(a—a’) =0(0—w'). (2,7) 


According to $ 1 we have now to choose such a functional form for 


the field s, which would describe particles. Point particles are described 
by the well known formula 


--oo 
02% WKSE dtn, (2,8) 


extended particles by 
+00 S . 
$,(2) żyż eń [Roe dn= | Pie- w) dx’ s„ a). (2,9) 


For relativistic reasons F must be a funetion of the invariant (Vu— éu). 
To account for the small dimensions of electrons F must be diffe- 
rent from zero in the neighbourhood of é only. This seems to con- 
tradict te fact that F depends on (Lu— ën) which is small in the 
neighbourhood of the whole light cone through u. McManus (1948) 
"has shown the very important fact that for a certain class of func- 
tions the contributions from points on the light cone distant from 
é7, cancel and the electron is smeared over a finite space-time region 
. only, However, for the considerations to follow the function F may 
be kept quite arbitrary. Only in the interpretation of the results 
we shall sometimes be forced to restrict it in a convenient manner. 

Now, following the general method described in-$1, we may 
express the action principle in terms of the coordinates of the par- 
ticles. For this end it is usefull to rewrite (2,1) using (2,5) and neglect- 


ing a four-divergence which would contribute an unimportant con- | 


stant term to the action principle 
"Z 
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Introducing here (2,6) and (2,9), we get 
T Lde ATT em f drn | drm er tee SS (2,11) 


which is Fokkers action integral without the term proportional to 
the mechanical mass of the particle. G stands here for 


do—s)= | fFa—a")da" Gae det” Fle a), (2,12) 
Denoting > | | 


Ase) = [Fe- PIAA oe fet w—t")E" (2,13) 


and using again (2,6) and (2,9) hå = (2,11) R. written 


as follows 4 
EB: o ee R Seas BWA | 
NE (ogan =en in = Ane SS apy 1 
the variational ai e % EMR > a EE SET 
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action of a not to fast electron on itself this means that charge 
elements interact only when they are close to each other, the distance 
being of the order of magnitude of the electron radius. Now leaving 
out the irrelevant index n we may write (2,18) with help of (2,2), 
(2,6) and (2,9) in the form 

e far pa 3 LE, ae : ) ż,) Ey 


=e fac [EF] A GEE Sil 


where $' = ś(r') and G' means differentiation with respect to the ar- 
gument. According to our assumptions about F, t’ is close to z 


U—T=r | (2,20) 


and we may expand (2,19) in powers of this difference, getting for 
the first two terms of the expansion 


OE = 2. p», ŻE wa 
-È [Fooeeai=z [6-7 273 dr. (Gnśsćv>F $n)-F =. 

eral a 2 Y taek: ik 
=-5 [Mdr Śn—3 e (eH Tyr dt- (En Ev 6» T Eu) +> 


In the limit F—6 of a point source, (Eu — Ew?) > Olin — 6.7] 
which has the character of a ó[(5u—$,)]-funetion. Thus- 


fue r?) dr co, fè- 12) rdr — const, 
(2,22) 
Jana "dr—>0. (n> 2) 


For processes in which the particles do not come to close to each 
other the first two terms in (2,21) are already a very good approxi- 
mation. 
2- ~ 
5 J G(r) dr = m 3 _ (2,23) 
$ ; 
is the electromagnetic mass of the particle. 


ie J EE E E E EA (2,24) 
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is the damping force, so that equation (2,17) may now be written 


mén=taten Jl al oe Be 02 (2,25) 
m+n 


In the case where the rapidly varying motion of the particles 
or the structure of the function F do not allow the a (2,21), 
the correct equations (2,17) have to be used. 


§ 3. Electrodynamics. The energy-momentum and an- 
gular momentum., It is necessary for consistency of the theory 
that the notion of energy-momentum of the particles follows from 
the corresponding quantity for fields and that the definition of mass 
obtained hereby is identical with that obtained from the equations 
of motion. 

The energy-momentum tensor Tuv corresponding to the Lagran- 
gian (2,1) 


; ð 
Tuv =T po F gg, fre Au) (3,1) 


contains a divergence of a tensor antisymmetrical in the indices » 
and a. Thus 


OT ig 0d, 


dm, Oty ? | 8,2) 


where Tu» is the conventional energy-momentum tensor 


Tie = Twa leat 40nd pee Oa Aa Seep AE (3,3) 


For this tensor we have 


aT’. sk EG aah AS 
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; 3,4) 
74002. lee Se RET TEA, 


The particle momentum P, is not given directly by the field 


; action at a distance the particle momentum is, so to speak, shifted 
in respect to the field momentum. It is easy, however, to find the 


First it must go over into — T, in the limiting case of point par- 


i ticles (F(u —«') > 6(a— 2')). Secondly the totality of sources defined — 
Ka "Ay must cancel out the us! of sources Getined SA the 23 > 


rv, 


momentum T, as would be the case for point sources. As there is. 


ne 


expression for P, if one considers two conditions it has to fulfill. 
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equation (3,4). These two conditions fix the form of P, uniquely. 
Apart from irrelevant constant terms 


Pe — [Pons dz. (3,5) 


The first condition is fulfilled since we may rewrite — T, in the 
following way 


= (3,6) 


"again leaving out irrelevant constant contributions from infinitely 
remote surfaces. Now for F(a—x) >ó(0—w') the first term in (3,6) 
becomes identical with (3,5). The contribution from the two other 
terms is 


J dorik dog any Ay (3,7) 


o 


Here the factor s,(x) contains 6(a@ — é”) (ef. (2,8)) so that only these 
points of o contribute in which the world lines of the particles hit 
the surface. Since other points do not affect the value of (3,7) we 
may always choose o to be orthogonal to the world lines. In this 
case (3,7) may be written 


f do,(Su Sp) Au = 0. (3,8) 
To prove the second condition we let o move towards infinity 
R --oo --oo m R 
= 3A ZĘ 
P, =— |fasdo=— | s (se ) ae 
(20) 3 Jou Su > ON OW 20, i 
20. óPiw=wi,, Fe — a) | 
B=), 0 — ; a 
= [fs Gere oe TP — A, dade (8,9) 
Eg tg ez) Su 
t J| sit An + gp A>] da 
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In order to express P, in terms of the coordinates and veloci- 
ties of the particles we insert (2,8) into (3,5) and get 


-++o o 
IB = — Xen f: de, | da fry ÒE — E”) Ep 


„0 (3,10) 
że =» Cn k tn foul 6”) En . 


Here z, is that value of tn for which the world line of the n-th 
particle intersects the surface o. 

First we notice that due to the equations of motion (2,17) P, 
is independent of the proper times tp. In fact its value is zero for 
all tp. Thus P, is conserved. In the field picture the energy-momen- 
tum density tensor had a non vanishing divergence according to 
local exchanges of energy-momentum between field and sources. In 
the particle picture the total momentum of the particles is con- 
served in time since all contributions from local exchanges of energy 
with the field vanish. 

(3,10) consists of two parts. The self-momentum of the particles 


0. en f dtnf rule") 65 X (3,11) 


E 


and the momentum due to interactions with other particles 


BO>RDM J: den fan En) En~ (3,12) 


nm 2 


(Because of P,=0 we may arbitrarily choose the sign in (3,10)). 
As already mentioned, for consistency of the theory it is necessary 
that the definition of mass following from the equation of motion 
is the same as that which may be obtained from the expression for 
the momentum. That it is so follows immediately from the fact 
that for the self-force (2,18) and the self-momentum of the n-th par- 3 
ticle (n-th term of (3,11)) the relation Sc ; 4 


\ 


ey __ self ,_o ae | 
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(3,10) may be rewritten so as to contain. only particle coordi- 
nates and velocities. Using for this purpose equation (2,13) we get 


3 A E ; A 


4 , Tao o $o Min 

5 AE EE 
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going over into 


inn Ss f deal El Peal hat és. (8,18) 


We notice the important fact that most of the considerations — 
of this paper are quite ingependent of the form of the function F. 


_ Special assumptions were needed to exhibit the inertia term. In this 


case F(#) had to be large only for small values of the variables. This _ 
assumption is admissible for processes in which we may regard the 

particles as moving at large distances from each other. For close 
collisions we shall have F-functions which do not have this prop- 
erty. The possibility of a transition from the field picture to BE 3 
particle picture, however, is not A by this ae $ = 
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8-SPECTRUM OF RaE IN THE LOW ENERGY REGION* 


by J. PNIEWSKI, Institute of Experimental Physics, University of 
Warsaw 


(received January 6, 1952) 


Electron sensitive nuclear research emulsion was used as an electron detector 
in a magnetic lens spectrograph for the investigation of the B-spectrum of RaE 
in the low energy region. The intensities were found by counting of some 35 000 
seperate electron tracks. Very thin sources were prepared by a volatilization method. 
The images obtained in the spectrograph were checked by a special method to prove 
the uniformity of the specific surface activity of the sources used. The spectrum 
was investigated within the energy band from 100-keV down to 4.6 keV. The results 
show that the energy distribution corresponding to this forbidden transition cannot 
be expressed simply in terms of (H—E,)*. It seems that the energy distribution 
curve cuts the P(E) coordinate. 


Introduction. The f-decay of Ra E is classed as a j-for- 
bidden transition. This is confirmed by a half-life (5 days) long 
in comparison with the high upper energy limit (1.17 MeV) and 
by a particular shape of the energy distribution curve which ob- 
viously differs from the Fermi allowed form. On the other hand 
B-emission is unaccompanied by y-rays and therefore the $-spec- 
trum cannot be complex. Konopinski has pointed out that a com- 
bination of two types of interaction can explain the observed 
distribution at least in a certain energy region. The corresponding 
term in the Fermi allowed distribution formula has to be replaced 
by (E—E,)*. | 

Many papers have been published about the shape of the energy 
distribution curve of the 8-spectrum of Ra E especially in the low 
energy region. Some authors (Waltner and Roggers 1948, 1949) sug- 


- be in strong contradiction to the Fermi theory applied to an element 


p at Cracow, December 6, 1950. 
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ally was ca 1,1 mm. It was prepared on a zapon film which was coated — 
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of high Z-value, and would be difficult to understand even in the 
case of a forbidden transition. 

There are many effects which can distort the spectrum in this 
region: the straggling effect in the source, the electron scattering in 
the spectrometer and the distortion introduced by the detector. Wal- 
tner and Roggers used a cloud chamber. They introduced the radio- 
active source in vapour form and so they could avoid the straggling 
effect. Their results were supported by rather poor statistics of the 
tracks. Langer and his co-workers (1950) used a window-less Geiger 
counter to avoid other disturbing effects. 

The author tried to solve this problem by using electron sen- 
sitive nuclear research emulsions and very carefully prepared thin 
sources. In this way be hoped to check the results by Waltner and 
Roggers and on the other hand to test the usefullness of the emulsion 
as an electron detector in general. 

This problem consists mainly of: 

(a) the construction of a spectrograph for the recording of elec- 
trons in emulsions, 

(b) working SBE of the best conditions for “the emulsion proces- 
sing to get very well defined low energy tracks at the emulsion surface, 

(c) the choice of a proper method for the preparation of very 
thin Ra E sources, 

(d) the ARES of the efficiency. of the emulsion as a detector 
for electrons of very low energies. 

All these points but the last one were succesfully dealt with. 


The f-spectrograph. One can easly obtain high luminosity 
and a well defined image using a magnetic lens spectrograph with 
uniform field. In, designing the spectrograph advantage was taken of 
some calculations given by E. Persico and Du Mond (1949). The 
resolving power was about 1.8°/). The emission angle was equal to 

27920 + 2°20’. 2.20/, of the total spherical emission of the source 
could pass through the solid angle defining diaphragm, but due to — 
the geometry of the detector plate it had to be reduced to 1/4 of this 
value. The distance between the source and the plate was about 30 cm. 
The lead stop protecting the plate-from y-radiation of Th B+0+ CH, 
which was used for EP ati POEMA was more than 10 em 
thick. ` 


_ The source diameter could not be larger than 1,6 mm and actu- 


"M ey a 


with an Sde thin layer of gold to increase its conductivity. 
The peoe thickness of the source, zapon and gold taken. together, 


~ 
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was not greater than 4—44 ug/em?. The film was suspended on a spe- 
- cial Al-ring fastened to a support similar to a microscopie stage. An 
empty space deep enough (20 cm) to eliminate the back-scattering 
was left behind the source. It was not possible for a scattered electron 
to get through all the diaphragms unless it were scattered at least 
twice or three times. Moreover the scattered electrons which could 
eventually reach the plate produced tracks of different lengths, 


ZE A 
ETU 
ei 


- Fig. F (8). spectrograph; (S) source and its support; (B) solid angle defining dia- : 4 z 
_ phragm; (C) energy jake diaphragm, „ring<shaped focus“; (G), (H) baffles; > a 
(T) „line- shaped focus“, plateholder and plates, a magnetic coils. 2: 


` : ~ 
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i ieai the Tne running directly from the source all gave more or 

a less identical tracks. During an exposure taken for 24 hours without A 
e magnetic field no tracks were- recorded. a cien ges > 
The plate was placed along the axis of the Revert the. =i 
AR focus R in s plane of the emulsion (Fig. As es It was ż 


necessary to ana the utilized solą, a g e in the: i 
i ak one fourth: of its pig, vlne. 
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the number of background tracks. , 
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The magnetic field was produced by 7 coils. Its uniformity was 
controlled in numerous points by means of several rotating coils. After 
some corrections had been made the axial symmetry of the field was 
very good but the intensity of the field was dropping slightly along 


~~ 


Fig. 2. The inner parts of the spectrograph. 


\ 4 > - 
the axis towards the ends; at the beginning of the electron trajectories 
it was ca 0.7°/¢ smaller than in the centre of the coil. Some small cor- 


-rections in the position and size of the diaphragms were introduced 


in connection with this non-uniformity. 
The proper position of the source which should be exactly on 
the axis of the spectrograph could be found by using a special rotating 


coil. In this way one could fix the best position of the microscopic 


stage supporting the Al-ring and the source. Therefore the source 

could be easily replaced by a new one. | 
: The whole spectrograph was shielded by lead walls. Under these — 
conditions exposures could be taken for many hours without increasing ; 
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The current flowing through the coils was supplied by a battery 
and stabilized to 0.19’). It was controlled continuously by the usual 
compensation method with a standard cell. The spectrograph was 
placed 2 meters away from any iron objects and 4 meters away from 
the rheostats. The spectrograph axis was directed parallel to the earth’s 
magnetic field. 


Intensity distribution within the image and source 
control. The diagram, Fig. 3, shows the calculated intensity distri- 


a 
b 
c 


Fig. 3. 


bution across the image when the openings of the diaphragms were 
reduced to (a) 180°, (b) 1200, (c) 90°, uniform activity of the source 
being assumed. In case (c) the limits of the image are well defined. 
Some intensity distributions calculated for different assumptions con- 
cerning the source uniformity are shown in other diagrams (Fig. 4), 


The curve C, corresponds to the case of a cireular gource active only 
on the periphery of the cirele and 0, is a superposition of C and C 
It should be a rather usual distribution for sources prepared by or- 
dinary methods when a drop. of radioactive substance is dried by 
evaporation, The author’s experimental points lie rather close to a curve 
calculated for an uniform source. The wings of the experimental dis- 
tribution curve show that the contamination of the zapon film out- 


side the radioactive spot was negligible. 
15 


rag 
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These tests of the source are very useful although they cannot 
detect all irregularities of the source. They give a record of the source 
behaviour during the exposure without running any risk of destroying 
the zapon film, as often happens when autoradiographs are taken. 
It is an exclusive method for the control of the results obtained when 
the source is destroyed during the exposure by a-particles. Sometimes 
there is no need to count seperate tracks, one could easily obtain the 
whole intensity distribution curve from plate blackenings using a mi- 
crophotometer. É 

Some other details about source preparation were published pre- 
viously (M. Danysz and J. Pniewski 1952). 


Processing of the emulsion. The electron sensitive Ilford 
nuclear research emulsions G5 were used to record the electrons. The 
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Fig. 5. 57 keV — electron tracks. ae = 
sę” pectrum was investigated in the low energy region only, hence thed 
_ emulsion thickness could be reduced to 25 u. This facilitated the pro- 
cessing of the emulsions. It was important to have the surface of the 
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emulsion very clear, otherwise very short tracks could be confused 
or even lost among the background grains. 
It proved to be advisable not to agitate the developer dish. 
Development at 18°C: azol — 18 ml, KBr — 930 mg, H,O = 
500 ml, for 20 min. no agitation; 


Fig. 6..15 keV <> electron tracks. 


tap water 500 ml for 10 min; 


| ake Stop bath: NaHSO, — 25 g, 
5 min. (Dainton 1951). 


fixation: plain hypo solution for 1 
show some electron tracks 


4 The photographs (Figures 5 and 6) 
‘ for different. energies. 


Microscopy of individual tracks. Six well exposed plates 
were obtained, but after a very careful exainination only four of 
ectrum of Ra E between 4,6 and 


them were scanded to get the #-sp 
= 100 keV. All electron images obtained on different plates corresponded 
SA BERS ae case 3 RER Bie s s 
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to 11 energy values. The images had the shape of rectangular stripes 
12mm x 1,5 mm. The tracks in these images were examined through 
a Cooke microscope at magnification exceeding 1200 x. 

At first the counting was extended over all fields of view in 
a zone 50 u wide perpendicular to the long side of the stripe. The 
numbers of tracks obtained for each field were used to get the inten- 
sity distribution across the stripe. From the points similar to those 
shown in Fig. 4 the symmetry line of the stripe could be found, and 


only those tracks were taken into account which belonged to a well | 


defined region — the same for all images. This region was always 
chosen symmetrically in the centre of the stripe. In this region the 


(<A 


average number of tracks in every field was much higher than in the — 


wings and the influence of the background was comparatively smaller. 
Moreover their number did not differ appreciably from one field to 
another. The whole number of tracks in the chosen region corrected 


for the decay, different times of exposures, and different value of 


absolute resolving power of the spectrograph was a measure of the 
intensity in the 5-spectrum on the momentum scale. 

In Table 1 are given the results concerning the distribution of 
energy P'(E) and momentum P(p); n represents the total number 


of electron tracks counted for the different energies, W is the number 


Table 1. 
4 = ` o ee ; 
He | P(p) | P'(E) | N | N | Nmax z 
"28.5 
42.5 


B-Spectrum of RaE in the Low Energy Region 223 


could be still easily identified on that area. To test the purity of the 
Ra K sources exposures were repeated at long time intervals while 
the f-decay was in progress. Their comparison was especially useful 
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Fig. 7. Momentum distribution in 6-spectrum of Rak. 


at the energy point where the maximum of Ra D 5-speetrum was to 
be expected. 

The electron tracks at the lowest energy were composed of 1 
or 2 grains and even the size of these grains could not serve as a proper 
criterion for distinction from the surface grains. Hence they were 
counted together with the background grains. The necessary correction 
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Fig. 8. Energy distribution in 6-spectrum of Rak. 


could be easily made by subtracting the background grain number 


as counted outside the image. : 
In Figs 7 and 8 are shown the graphs of the momentum and 


energy distributions and also a plot obtained by Waltner and Rogers 


i (1949). The present results differ from those obtained by these authors . 
in a cloud chamber. The intercept of energy plot at the zero energy 


point is different from 0. One should expect this result for an element 
‘with a high Z value. 


i 
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4 

The last column of Table 1 shows the values of X = VP(p)/p2E(Z, E). 
If the suggestion of a combination of two interactions made by Ko- 
nopiński is correct and the approximation given by him is valid 
down to lower energies, X should be a linearly decreasing function 
of E. The present results seem to be in contradiction with this view 
at least below 50 keV. 

A Fermi plot for the forbidden f-transition in Ra E with a co- 
ordinate VP(p)/n (7+0.355 72), where n=p/me, is shown in Fig. 9. 
The author’s results are compared with those given by Wu (1949). 
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Fig. 9. The Fermi plot. 


As to factors which possibly may affect the true shape of the 
B-spectrum one can expect that the correction due to the electron 
screening effect is not very essential. J. R. Reitz (1950) has calculated 
this correction using an electronic calculator. His results show that the 
reduction due to screening does not change very much with the energy 
and probably increases more steeply somewhere below 10 or even 
5 keV. 

Maybe some low energy electrons were not recorded due to back- 
scattering at the surface of the emulsion or due to non-uniform sen- 
sitivity of the emulsion. This problem is discussed separately (J. Pniew- 
‘ski 1952) but one że expect that this-error is not serious above 5 keV. 


Summary 


It was proved that the nuclear research emulsions can be usęd 
as a detector in 8-spectrography and that this method has certain 


advantages at the low energy end of the 8-speetrum. > d 
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The Ra E f-spectrum was obtained for energies from 100 keV 
down to.4,6 keV. 

The intercept of the energy distribution curve at zero energy 
point seems to be different from zero. 

The energy distribution function below 50 keV cannot be inter- 
preted simply in terms of (EE). 

The Fermi plot is given and compared with previous results. 

A method has been described for analyzing of spectrographie 
images. In this way the behaviour and the uniformity of the sources 
were controlled. 


The work described in this paper was made in the George Holt 
Physies Laboratories at the University of Liverpool. The Author 
wishes to express his gratitude to Professors S. Pieńkowski, J. Rot- 
blat and W. H. B. Skinner for their encouragement and kind in- 
terest. He is indebted to Messrs M. Danysz and D. G. E. Martin 
for their valuable help and many discussions. He is also much obliged 
to the Komisja Popierania Twórczości Naukowej i Artystycznej przy 
Prezydium Rady Ministrów for granting of the scholarship ‘which 
enabled him to carry out this research in Liverpool. 


References 


Alichanow, Alichanian and Dchelepow, Nature, 137, 314 (1934). 
Bethe H. A. and Bacher R. F., Rev. Mod. Phys. 82, 8 (1936). 

Dainton A. H. et all., Phil. Mag., 43, 396 (1951). 

Danysz M. and Pniewski J., Acta Physica Polonica 11, 226 (1952). 
Du-Mond J. W. M., Rev. Sci. Instrum., 90, 191 (1949). 

Frankel S., Phys. Rev., 73, 804 (1948). 

Konopinski E. J., Rev. Mod. Phys., 209, 15 (1943). 

Langer L. M., Motz J. W. and-Price H. C., Phys. Rev., 77, 744, 798 (1950). 
"Morrissey R. and Wu ©. $., Phys. Rev., 75, 1288 (1949). 
Persico E., Rev. Ści. Instrum., 20. 160 (1949). 

Pniewski J., Acta Phys. Polonica, 11. 230 (1952). 

Reitz J. R., Phys. Rev., 77, 10 (1950). ie 
Waltner A. and Rogers F. T., Phys. Rev., 74, 699 (1948); 78, 1445 (1949). 
Wu C. S., Rev. Mod. Phys., 22, 4 (1950). 


Tish Ka sy 


UR EENS F E I 2 


ye 


= cember 6, 1950. 


+ 


Vol. XI (1951—52) Acta Physica Polonica Fasc. 3—4 


A METHOD OF PREPARATION OF VERY THIN RaE 
SOURCES 


by M. DANYSZ and J. PNIEWSKI 
Institute of Experimental Physics, University of Warsaw * 


(received Janudry 6, 1952) 


A volatilization method of preparation of comparatively strong but extremely 
thin RaE sources for @-spectroscopy is described. A source 50 uC per 1 mm?, 
supported by a conductive film, the whole less than 4 ug/cm? thick was prepared. 
The authors believe that the method described is new in many details. 


Introduction. It has been recognized for a long time that the 
usual method of evaporation of a small drop containing a solution 
of radioactive substance has some disadvantages. The active deposit 
which is formed by the evaporation process does not exhibit the re- 
quired uniformity. At the periphery of the spot some crystals are 
formed and the radioactivity at the centre is much weaker. Hence 
the effective thickness of the source at the periphery is much greater 
than the average value calculated over the whole spot. Such a source 
cannot be used for investigations of the 6-spectrum in the low energy 
region. To avoid distortion of the 8-spectrum caused by straggling in 
the supporting film and in the source itself at 5kev sources should 
be used not thicker than 4—5 ug/em?. 

Langer and his co-workers (1948, 1950) suggest to wet the sup- 
porting film with a solution of insulin in water. It facilitates the uni- 


form spreading of the radioactive substance over the entire region 
covered by the insulin solution. It seemed to the authors that this 


method is not applicable if the source is very small. 
The supporting film must be made of a material which is not 


a very poor conductor, otherwise it-would not be possible to p ‘ 


the source at the constant zero potential. 


The authors were able overcome these difficulties by TETE 
the volatilization method. They were successfull in getting a uni- 
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form Ra E spot source slightly larger than 1 mm in diameter as strong 
as 80 uO supported on a zapon film 2—3 ug/cm? thick. The film was 
covered with ca 14 wg/cm? gold coating. The increase of the conduc- 
tivity of the surface was sufficient to remove the charging effects 
caused by the leaking out of negative charge in the f-emission of Ra E 
or a-emission of Polonium. 


Volatilization of Ra E. The authors collected Ra E at the 
end of a rounded nickel rod by the usual electrochemical method. 
It was important to protect the whole rod except the end against 
any contamination. The whole activated area was probably not much 


ARRANGEMENT OR VOLATILIZATION OF Raf 


Fig. 1. 


larger than 5 mm?. The other end of the rod was thicker (10 mm) 
and drilled inside. The hollow was provided for the placing of a tung- 
sten heater. All the other parts of the special arrangement for vola- 
tilization, the position of the film and the diaphragm can be clearly 
seen on the drawing, Fig. 1. The diaphragm was supported and spaced 
from the nickel rod by two quartz tubes. i 
The whole apparatus was placed in high vacuum (the external 
vacuum bell is notsshown in the diagram). One can notice that 
Ra E atoms which leave the nickel rod and do not condense directly 
on the zapon film cannot contaminate it on any other place beyond 
the spot unless they are scattered many times on their way. All the 
parts of the apparatus could be quickly evacuated through the open- 
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ings marked on the diagram by dashed lines. It was proved to be im- 
portant to keep the air pressure at a low level — less than 10-3 mm Hg. 
In this way it is possible to avoid the oxydation of the RaE layer 
(bizmuth) which -makes the volatilization more difficult. It also di- 
minishes the scattering of Ra E atoms. The scattered atoms stuck to 
the walls of the apparatus only when its surface was carefully washed. 

The zapon film was composed of two layers each 1$ g/cm? thick, 
supported on a thin Al-ring which was stuck on a firm brass support. 

At first the nickel rod with the Ra E deposit was heated up to 
500—550°C and held at this temperature in high vacuum for ten mi- 
nutes in order to remove more volatile impurities of Ra E. After this 
preliminary heating the zapon film was suspended above the rod and 
volatilization of Ra E took place at 650°C. The temperature was in- 
creased slowly for 10 min. and then gradually lowered. 

It was rather difficult to find the best conditions under which 
the zapon could stand the thermal radiation of the nickel rod placed 
very near to it (ca 2 mm). 

Since the vapour pressure of lead is about 10 times lower than 
that of bizmuth at the same temperature we hoped this method might 
serve to purify Ra E from traces of Ka D. (The temperature was con- 
trolled by an optical pyrometer). 


The source. Many autoradiograms were taken to prove the 
uniformity of the source. The whole activity of the substance spread 
over the A] — ring and on the film outside the spot was less than 
0.3°/) of the activity of the source itself, although their surface was 
100 times greater. The images of the best sources were reproduced 
on electron sensitive nuclear plate emulsions by means of a magnetic 
lens spectrograph. In this way they could be investigated without 
‘running any risk of breaking the zapon film. 

Each zapon film after being activated was thinly coated with 
gold by evaporation in vacuum of a small gold leaf placed 25 cm away 


from the film. The authors found that the resistance of the film under ` 


the conditions of their experiments was about 102 and after drying 
the film for many hours in high vacuum it increased to about LOLO 
A coating of gold 10 ugjem? thick would be sufficient for metallic 


conductivity but even 14 ug/cm? could reduce the resistance at least 


to the previous value (10%2) which was low enough to keep the po- 
_ tential difference between the source and the earth below 10 volts. 

It proved to be more convenient not to coat the side of the zapon. 
film which was stuck to the Al-ring but the opposite one. A very small 
potential difference was adequate to obtain the connection between 
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_ aluminium-on one side of the film and gold on the other. It would 
pe also better to collect the Ra E and gold deposits on opposite sides - 
of the zapon film. 
It was not possible to use any strong source prepared in this 
way for a time longer than 10—14 days. They always cracked under 
the influence of the a-particles of pou produced by- oe f-decay 
of Ra E. i 
This work has been done in Georée Holt Physics Laboratories 
f ab the University of Liverpool. The authors take pleasure in tkanking i 
= Professor W. H. B. Skinner for his kind interest. They wish to thank 
= Mr D.G. E. Martin for valuable help and many discussions and are 
also indebted to the Staff of the Radiochemical Centre for collabora- 
tion in collecting of the Ra E deposit. They are also, greatly obliged 
to the Komisja Popierania Twórczości Naukowej i Artystycznej przy s 
Prezydium Rady Ministrów for the granting of foreign scholarships (4 , (7 
: eyhich enabled them | to carry out this work in Liverpool. SSE 
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ON THE RELATION BETWEEN THE ENERGY AND THE 
NUMBER OF GRAINS FOR LOW ENERGY TRACKS 
IN PHOTOGRAPHIC EMULSIONS 


By J. PNIEWSKI, Institute of Experimental Physics, University 
of Warsaw 


(received January 6, 1952) 


The relation between the energy and the number of grains at low energies. 
for Ilford electron sensitive emulsion G5 was investigated. The observations were. 
extended over energies from 37,1 keV down to 4,2 keV. A good separation of joined 
or overlapping grains was achieved by resoaking the emulsion before microscopic 


_ examination. 


_ In some cases it may be more advantageous to apply electron 
sensitive photographic emulsion for the study of 8-spectra instead of 
using other methods, in particular for measurements in the low energy 
region. Hence it would be important to extend the determination of 
the range-energy relation down to very low energy. Unfortunately 
such measurements are very difficult due to very large straggling. 
Moreover the tracks are usually curled so that the measurements of 
ranges are unfeasible. Grain counting is more practicable, nevertheless 
fluctuations remain as a source of troubles. The author has found 
that the results are more consistent if one can separate the grains 
in these parts of the track which are going steeply down or up in the 
emulsion. 

The thickness of the emulsion after processing and drying is 
usually shrinked by a factor of 2,7. One can plump the emulsion by 
resoaking it in water. A coverglass gives a good protection from drying. 


_ In this work the soaked emulsion was covered with a large coverglass 
170 u thick. To make it tight the edges and the uncovered parts of 


the emulsion outside the glass were coated with paraffin. Under these 
conditions the thickness of the emulsion increases enormously, An un- 
processed emulsion 25 u thick shrinked after processing to 9 u and 
when resoaked increased its thickness to 50 u. The virtual thickness 
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of the emulsion observed through the microscope with immersion oil 
was equal to 60 „. Limited depth of focus at large magnification, 
e. g. 1500 x, helps to separate the grains of curled tracks. Many tracks 
which seemed plane in a dry emulsion appeared to be skew after the 
emulsion had been soaked, i. e. their grains were found at different 
depths. The counting of single tracks is very laborious in a plumped 
emulsion but on the other hand their identification is rendered easier. 

Ilford G5 electron sensitive emulsions exposed in a magnetic 
lens 8-spectrograph were used for the observations. Processing condi- 
tions: azol-developer (Dainton 1951, Pniewski 1952). 

The diagrams shown in Fig. 1 give the distributions of the grain 
number in the tracks of f-particles for a given energy; the number 
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of surface or background grains was previously subtracted. In this 
way the average number of grains was found for several energy values. 
By extrapolation of the distribution curves one obtains a basis for 
estimation of an important factor: the ratio of, electrons which 
owing to backscattering at the surface of the emulsion are not re- 
corded. The shape of the distribution curves for 21,2 key and 11 kev 
shows that in these two cases the percentage of backscattered elec- 
trons is negligible. This is not so clear at lower energies but even at 
7 kev the majority of the electrons produce two-grains tracks and 


 ———_ GG 


most of the remaining — single-grain tracks” Three-grain tracks are aa 
rare. The effect of background is more pronounced, but the numbe ase 
of unrecorded ,,zero-grain tracks” should not be large and probably y 
| can be disregarded as well. | A 
8 The author noticed that even at 3—4 kev electrons are easily | ag 
recorded by one-grain ,,tracks”. It seems that above 5 key the number > a 
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of eded electrons could not appreciably change the results RA 3 
on the counting of tracks. 3 


Table of the average number Z grains in the electron tracks for different energies. 


keV 4%: 6 JE 252x281 w | sz, 40 | 50 | 60 
B. Zając | 11 13,8 | 20,4 | 22,4 | 
M. Ross = +0,4 +0,5 |40,8 |+0,6 

Fao SS Pees ete 12,5 
U 
Authors +0,5 | -Ł0,5 | -Ł0,5 41 


In this table the number of grains is given for different energy | 
values and the results obtained are compared with those of Miss B. 
Zajac and Miss M. Boss ee 
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DIRECTIONAL CORRELATION FOR TWO-QUANTA 
EMISSION 


By W. KRÓLIKOWSKI, Institute of Theoretical Physics III, 
University of Warsaw, Warsaw 


(received January. 23, 1952) 


The present paper contains correlation formulae for directions of two pho- 
tons emitted simultaneously in a single act of two-quanta emission. The formulae 
apply to electric double-dipole radiation, 1. e. where both photons are of electric di- 
pole type. Especially interesting is the transition j =0 >j=0 forbidden for one- 
quantum emission. The forms of matrix elements obtained in the course of the 
calculations are useful not only for the electric dipole moment but also for a wi- 
der class of vectors, including i.a. the magnetic dipole moment. Measurements of 
directional correlations of photons are admittedly possible for y radiation. There- 
fore the present paper refers to two quanta emission from the nucleus, although 
the arguments equally apply to any system of charged particles. Moreover the 
results are applicable after a slight and obvious change of coefficients to other 
simultaneous processes of second order (in double-dipole approximation) such as. 
for instance the Raman effect. 


1. Introductory Note . 


Kramers and Heisenberg were the first to indicate the possibi- 
lity of an induced two-quanta emission (1925). On the correspond- 
ence principle they evaluated. the possibility of this process. On the 
basis of the Dirac theory of radiation M. Góppert-Mayer (1931) has 
given the general formula of probability of the two-quanta emission. 
The probability of the two-quanta emission from the metastable 
state 2s of hydrogen and from the metastable states (1s 2s)!85, 
(1s 2s)*8, of helium was obtained by G. Breit and E. Teller (1940). 
The probability of the two-quanta emission for the transition 
jj=0—>j=0 was estimated by R. G. Sachs (1940). J. A. Wheeler 


(1947) investigated the process of the two-quanta emission by means 


of the correspondence principle. : 
The initial idea of the present paper is due to Professor W. Rubi- 


nowicz, to whom I am indebted for his kind interest in my work. 


j 
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2. Starting Formulae 


The subject of our consideration will be the interacting system 4 
composed of the nucleus and the electromagnetic radiation. The - 
nucleus is taken as a system of particles, while the radiation is pre- 
sented by means of a (vector) field quantized in accordance with — 
the Bose-Hinstein statistics (Dirac Radiation Theory). = 

The Schrédinger equation for our system in the interaction — 
picture has the form 


$ ; z : ie HiP, (2198 | 


where 
> Ht 

Wr sar 6 PY 
HRS 2 ode 


a — ¢b H'e * 


. 


Operators and state- functions without an index sign are given in 
the Schrödinger picture. In these expressions H° denotes the Hamil- 
tonian of the unperturbed s mem and H’ is the EC of the 
interaction. > 
-~ We shall now consider the matrix representation given i 
orthonormal set of eigenvectors of the operator REL aa the 
me p |n> and oe ras: by En we have sy: 
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fining J,: J; = mk, a represents all other labels of the states of the 
nucleus, and finally N, Ny,..., N 7,,... respectively are occupation num- 
bers of oscillators representing the numbers of photons (contained 


in the field) with given wave vectors k and linear polarizations de- 
fined by unit vectors e: ż., so that 

Paa MU RZAEZJE (2.5) 

Let us consider the transition of the nucleus from the state 

Zla j mow at the time t=0 to the state |ojm> with the simul- 
taneous emission of two photons having wave vectors ką, k, and 
linear polarization given by Chi Chin: Dropping from our notation 
all unchanging N %,, viz. 

|n=|ajm Nz, N had; 

b= Dajm\N Bar N he), 


we have the following states 


initial: 2Z|aj m NEN Rar w 
intermediate: jani m Nra) l Na, or|a j m Ng, Ne Y 
final: |lajmNz„,+1 Ner l> 


We have therefore in our case the initial conditions 
for 1=0, Baym (N zy N ty) =am other b's=0. 


The intermediate states appearing here are of a virtual character, 
i.e. the energy conservation law does not apply in the transitions 
to these states — the transitions to these states are virtual tran- 


sitions: 
Bam EH an jem a ho, (s aie O): 


In particular if all initial Nę,=0, we shall have a spontaneous 
two-quanta emission, in other cases we shall have a two-quanta 
emission induced by radiation. - 

In our calculation we shall use the non-relativistic form of the 
interaction Hamiltonian H'. This approximation is justified by small 
velocities ascribed to nucleons in the nucleus. We have therefore 


B= Y | b AGD + zm; a|; (2,6) 


16 


Pro ` : ( 
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where the operator of the vector potential has the following expan- 
sion in Fourier series: 


* 
G is here the volume of the period cube. Quantities az, and aż, are 
the emission and absorption operators of the photon characterized 


by k and eż with well known caleulation properties. 
Substituting (2.7) into (2.6), we see that the interaction Hamil- 
tonian takes the form 


* 
H'=5; (aż, H rı + aż, H_$)) +2 DAEAR nH kay 
kl 


Aik kal 
* * * %* 
> > > —> > > > > > > 
+ OF, %R, AES 1, aż,a Bet $ irt Orr Oru A żż 41) 


where 
zada (2.8) 
ik. x 


h > W Coz en a7 
z |/ GEL > — p, e 
i 
Gck M; 
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2 
as C; i(kit+h). 
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Solving the system of differential equations (2.3) in a formal 
way through the successive aproximation method, we get the follow- 
ing formulae for the amplitudes. of the transitions between the 
previously mentioned initial and final states (cf. e.g. Heitler 1944, 
Chap. III, § 14) 


barm (W gy tl, ey, +1) 
SVR TUN RATS |--2<ajm| z, Jatjm> 


2 s wrt "1 wy "1. * . 
e > Kaj m|Hż, | 0” m> Laj" m |H anlaj m> 
ET e a ee NA 
: Bata mu — Easy ms + Bag x 


a’ njer, m” 


(2.9) 
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We can now determine in precise terms the aim of the present 
paper, which is: to find the probability of the two-quanta emission 


of photons with directions given by unit vectors ie and 3, in the 
transition of the nuclei (in the given ensemble) from all states with 
determined a’j’ to all states with determined aj. These probabili- 
-ties will be found from the formula (2.9) when the following opera- 
tion will be carried out on the quantites |b.„(N ż4+1, Nz, +1): 

(1) Averaging over the initial states È |a j m> Om Of nuclei ap- 
pearing in the investigated ensemble. R 

(2) Summing over the final magnetie states m of the nueleus. 


(3) Summing over the frequencies (lengths of k vectors) and 
over the two directions of polarization for each photon. 
In this way we get the following correlation formula 


2 
=> > 1 y 
War oi, DED 3 2 baakit, Ngat 1w: (2.10) 
ką ką 4h=1 m” 
In averaging over initial states of the nuclei, we shall assume 
that the initial distribution a, of the nuclei among the magnetic 


states is random, viz. 
l 


|a„ =R? 


where N is the normalizing factor. Therefore 


Leas, 
Am == p (6 ta 
|N 
and consequently 
E e r O RE 
SO Dpto ay R. N <e Dis SĘ N Om! mits 


On this assumption we get from (2.9) the relation: 
{| Daim N Fa +1, N p t L) Pw : = | ' 
= Wz TDN mtd Dd | —2<ajm|Hzz|i mo 


ja > (im zu | a'j” mov Kaj” m” | Zz, | aj" mov 


Ea," m!" — Bwj mi ho, (2 10a) 
arj” m” 


J Lajm | i ajm) <a qm" | Hz, vim 
ea > m! +ha, | 

t 

1— cos (His — Batj! mt + ha, + h 0g) i 


me T A ne 
a (Bajm Ear jm RE hay + hws)” 


16* 
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The strong maximum for Bam Bagh ho, + w =0 expres- 
ses the energy conservation law. Since Eynju me —Lyjm + 0; 75 0 
(s =1,2), for the two-quanta emission we have a continuous spectrum 
s of frequencies. 
We shall now consider the matrix elements appearing in (2.10a). 
In calculating them we shall assume that the dimensions of fhe -— 
nucleus are small in comparison with the y wave lengths. Using 


X as the symbol of the position of the mass center of the nucleus 


(for t= 0) and writing a,—X+ w, we have 


> >= >, > > > > 
= RE a,+...)e** wee, 


mł 


e 


Breaking the series after the first term we get the electric dipole 
approximation for each of the two photons, and we shall speak 
hereafter of electrie double-dipole radiation. In the above approxi- 

mation the matrix elements, after making use of (2.8) will take the 
following form oe = iR 


CI Saye es f 3 
<ajm| Hen) ajm > — 
8; +_ ROA — CE CPE | 

oF EUR ES, Bate A= 0, 


+ h > => 
= —+____— ¢7, .0% ; 
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Its order of magnitude for the nucleus (contrariwise to the case of 
the atom) might be compared with that of the first expansion 
term of 


. * tr» . * 5 
Kajm | H gala j m" yaj m" [Hga j] my 
Boge je pu — Ey jem +B 2. ; 


However for the electric double-dipole radiation the states |ajm> 
and |a’j’m’> have the same parity and <ajm| P| a’j’m'>=0 con- 
formly to the generalized Laporte rule. We will deal with this case 
on the following pages. _ 

In our approximation the probability function (2.10) takes the 
form (cf. the differences with Góppert-Mayer 1931) - 


2 
Wee oe N gis) (Naa) 


GEk k 
kik hh=l kea (2.12) 
> Soa > > 5 > t> 2 
= | eg, Lajm (PP ajmo Baten! Cajm| P P| aT Ma" CR, 


m m’ 


t 
1— cos (Hoan Lap mt + Kw, + hoa) i 


ek ee? 
(Eajm ~ Eum ae Ko y+ how)” 


in which we introduce the following notation: 
S <ajm |P | a” j” m” Kam" | P | a’ j’m'> 


>: Ev permu — Hitem! + ho 


a" jm" h2 ee E 
(Eain — Hat jem) (Harju m: — Batjrm') 


<ajm|PP|a’j’m'>, = 


The multiplication of the vectors here is the dyadic multiplication 
for which we shall not use the point sign, reserving it forthe scalar 
multiplication. 

From (2.12) and (2.13) we draw an interesting conclusion that 
there is a probability of the two-quanta double-dipole emission only 


"when the nucleus has at least one state different from the initial 


and final states. é 
In further calculations we shall assume that the states of the 


nuclei |ajm> are degenerate with regard to m 


Biju = Bay: (2.14) 


(2.13) 
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3. The Matrix Elements 


In the present chapter we shall calculate matrix elements de- 
fined by (2.13). We shall do this by calculating elements of a more 
general form, namely 


(3.1) 
EDETI T ONO AZ <ajm|T, Ja! i" m Z Cali" m” |T, Loy 
ajm| E Tiam 2 5 gp ke 
(Haj —L gn jn) (Hoey TŁ —H 0) 


where T, and T, are arbitrary vectors satisfying the following com- 
mutation relations (Condon and Shortley 1935, 83) 


[f J]=—skTxT. (3.2) 
J is here the veetor of the total angular momentum, J is the identity 
dyadic 
=14+))+kk. (3.3) 
The „~“ cap sign will be used to denote dyadics. 
The c: 9i Tecto of T type contains among other vectors, 
also vectors J, «,, pi, as well as any linear combination and the 


vector product of (ij type vectors (Condon and Shortley 1. c.). This 
class includes therefore electric and magnetic dipole moments: 


P =e, a, = cy > 
2; © ti, p, DX Pr- 


The matrix elements of a T SAGI have the following form 
(Condon and Shortley 1. c) | 


<ajm| T|a'j'm> = D(Am) Kaji T:a'jyf,(im; j*m'), (3.4) 


where 
D0) =k (4j=j'—j, Am=m'—m) 
= alg PARE" (3.3) 
D(+1)=41(1+ tj), | 
falim; jm) = m | i | 
fajm;jm+1) =VG=m)\j—m+i) 


falim;ij+tm) =V F m 
falim; j +1 m+1)= FVGEm+ I) Gm Fx) 
falim3j—1m) = VP m? 
fajm; i —1 m1) = AES EEES 


Other yrsa 250 ee, 
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Expressions <aj: Tia’j’> in (3.4) are factors dependent on the ji 


vector and the unknown set of eigenfunctions |ajm>. They form 
a Hermitian matrix, which transforms with the change of the set of 
eigenvectors like the matrix of an observable, 


Using (3.4) we may calculate the elements (3.1). 
Defining 


Oe Nae es et)? 
B(aj; 5534) = 2) _ deg Bag + (3.7) 
a (Baj — Eqn ie) (Kanu — Ear) 
we have by substituting (3.4) into (3.1): 
Kaj m | jk, Tj a'j 'M Yo (3.8) 


= Y Dem! my Di m”) Blaj; j" aj) falim; Hm") faj” m” jm). 


iim” 


Irksome calculations carried out separately for distinct 4) and 


Am give the following formula 


<ajm| EP ajma Šamaj TTia) Do fe(imi sm) 
+4 Ldajm|P-Tlaj'm>, | RZ 
+ (Aj) D(Am)Xaji Ty XT: ajo falim; jm). 


The new notations used above are defined as follows 


Kto) =V(kk—q10—40)) 
Kan=rii+ik -i(kj +75] (3.10) 
K(+2)= +87] 407 10M 
Paie tiik kinig k— 67] =tD (EN) x" 
T eae (3.12) 
| e(+1)=+1 
CZESZE 
— _B(aj; j-1; aj) + Blajzj; of) —Blali i +45 01) th 


Kaj: DT, a' +1), = Blots ji off +1)+Baj; jl; aj-E1) 
Capi TĄT;: aj E 2,= Blaj;j=1; 033%) 
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<ajm | T, Pala jim ya = Laj: Ty: Tąż aj) dyr Onn 
=[j(2j—1)B(aj;j—1; a'j) +i +1) Blaj; j; aj) (3-14) 
+ (6-1) (29+3) B(aj; j+1; GDA dn 
Kaj: T,X Taid jo 
= (2j—L) B(aj ; j—1; a')--B(aj;;j ; a'j)— (29 +3); B(aj;j + 1;a'j; 
Kaj: T,X T,ia'j—1>,, 


Ah i zo: (3.15) 
= (J—1) B(aj ; J—1; a 9-1) —(9 +1) B(aj; j; aj—1) 
Kaj; TyX Tąża'j+-1), 
| = jB(aj; j; © j+1) —(§+ 2) Blaj; j+1; a’ +1), 
falim; jm) =A [mj] ; 
| fhm;jm+1)  =4(2m+1)V|0Fm) GEmF1) 
him; jm2)  =4V0 Fm G Fm1) GEm+1 Gm +2) 
_ fdim;j+im) — =\§¥m\VG—m+1)G-Fm 41) | 
- flim;j+1m=1) =4(GF2m)V(jEm-FI)(G-Em F2) 
Ę faim; j+1m42) =F4 +VGFm(GEmFDGEm FZJGEm +3) oo. ` 
| falim; j—1m) = Vgm Vm Fm ZY APA 4 
ZEŃ  tlimij—1m+1) = = $(j£2m-+1) GEm)GFm=1) > 
alms j—1m+2) = +3/GFEm CE Soe a sa (e. 16) 
 fim;itrom) =VR Vn FG Fm Dm DG m2) | 


GOA = pee peas Te 
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It is interesting to compare the forms (3.9) with the matrix ele- 
ments of the dyadic T T. The electric quadripole moment 


pa ce ret at 
O=3 > i Di Ti 
£ 


is a dyadic of the T, vip type, where T, x T,=0, for which we get 
the formulae obtained (for quadripole moments) by W. Rubinowicz 
(1930): 


<onjm| Py Ël j m> = K(Am) Kaj: Ty Taia j fejm im) | (3.48, 
Li cjm| É T,|a'j' m). 
Here the factors <: jif, F,ia’j’>, <ajm| Py: Tal i m), Kaj: Ta x Tai j> 
are defined by the expressions 


Alaj;j"sa'j)=g<ajiTia'j"><a"i"iTaiaj>y |, E 
just like the factors <aj:T, Tyża'j'>, <ajm Ë Tala jm, < jT, X Tia j'), 
by B(aj; j”; a'j'). However, the expressions <aj:T, X Ty: aj'> disappear: 


<ajiT,x T;iaj>=0 | (3.18a) 
when 7x 7,=0, as in this case > SE > 
„ŻĘ > == zę 437 SYS: ; s = E 
0 =<ajm| Ý, x T,ja'j'm'> =D(4m) Kaj; Tix Tia j’> falim; 7m). (3.19) 


WAY ee E, 


“Obviously formula (3.18a) applies in the case when 4, — T- 
aay ey ae en eee 
+ of the quadripole elements (3.18) and o 


oe 
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4, Correlation Formulae 


Correlation formulae are obtained by insertion of the matrix 
elements (3.9) into formula (2.12). We shall keep in mind that the 


dyadics (Am) and I are symmetric and D(A m) antisymmetric: 


a-K(Am)-b = &-K(Am)-a, 
KE SA bee Dae 
etn bob A aa 


This fact will prove useful. We have 


> 


Wert D CH 


| t 
ne Sie Niati) (Wżyt1), BONO 10 ay R Ak 
Gk ką EN i (Bay Barn th > 1th: Dg)? 


kika e 


= [ea Ham Kaj: ‘BPa yat <ajiPP ia iPad flim im’) -o 
ESOS piej )) Laji P" Pid i padeta i > a a 
HADAM) Cai PRE WF „<a ee mone 


here 


eee amt Pa jm; 
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7 
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| 
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„(Kl piqxai P> Pde o>) 


(°C Lida lod HC bPidedi >) 7 


209 +toyg + f PA — Pe) 


GPU a} "adr 08007 


(KP: dxd:(72- = fmiaxd:02) 


(KEP dd: lob" X, (0:ddii82) TF] q 


} 


o poida tC bri did >) 


(°C £ Pid iT Leo: da >) — 


al’? fPidxd:P>- <b Pidxdil?> | 
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z 
Cog q+ Peg H)800—T 


og. q+""g— W) 


„Cora owr A 


z og Te yt a) 


4 Gog toy +79 — A) 800 —T 


} 


a bmidedilo> FOK eod aa 


l /piqqib> HLL: 


„(wy ska 4 -- "or — A) 
GOR Eh at aa I 


2(°O". +o dirr rr) 


a Boy log + "ea — a) 809 —T 


Gi 


Sy Ty ef) 
(T+ 2H) (T+ 2 Nz 
Sy Ty = Jen 
(TNI 
Sy TY 29 ef) 


Sy TY 27 zł) 


a Sy TJ 9 oD 
TTM 


Gy Ty z0 zb) 


G+ETN)(C+Z 


OTEENI(T ELAN al 


GEY N)(T TEE NY 


Sy ly 
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We assumed above that the initial distribution of radiation among 
the polarizations will be random, i. e. 
Nr Na (4.3) 


> 


where Nz does not depend on the direction of polarization (e. g. 
for the spontaneous two-quanta emission we have Nz, = 0). 

Now we come to the calculation of the parts of expressions (4.1) 
which depend on the direction of the photons. We shall base our cal- 


rary dyadic p. 


a a symmetrie or antisymmetric syndi a = oe 
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(here k does not designate the wave vector!) our formula is written: 


2 > v + > P> > 
> Chih A -€ kala e hilt 23 Crh 
het (4.4) 
A w > v > w > w = Se PN NS, SE = v > > v > 
= (i. A)-(1-B*) +()-A)-(]-B*)—1-4-kgi- B*-k§—j-A-k} 7 -B*. ką 


e => v => > > > > 


Meg, dozy E= TA P+ |p AP] ed Bp | FAP. (44a) 


By the application of formulae (4.4) or (4.4a) to dyadice appea- 
ring in (4.1) we obtain the following expressions: 


> 4(1+ cos?9) for Am=0 
> |eż,K(4m) ez, = j $(1— cos? 0) tor Am= +1 
bal (1+ cos? 0) for Am= +2 
) 
) 


ene ae pea 1(1+ cosż0) for Am=0 
2 lek: D (im)eż,| = 
Lh=l 4(1— cos? 0) for “Am=+1 
2 > T => > 1 2 0 X 
T ee AŻ .—+ COS 
A SA a | ze (4.5) 
2 —> Z > ss "NETS i 3 
> Chun K(0):eży czyl 'eż4=—yz(1+ COs 0) 
4h=1 
seme z: bee one ae = 9 for Am=0 
ez: m):eż,„eży* m)” -EZL 
>y kih ( ) kib” kil ( ) kab +4/1— cos? 9) for Am=+1 
2) -> SER Sé > 
D Chih I € 547 Ria - D,0) La eh, =0. | 


Inserting formulae (4.5) into (4.1), making use of the definition 
of the quantities f,(jm;j'm') and fa jm; j’m’), and carrying out 
tedious summing over m and m’, we arrive at the correlation formu- 
lae (4.7). In the second summation of the two we use the following 
identities 

Yı =2+1 Ym = 3G C+) 
Ą $ 4.6 
X mt = rsj FUCK). GA 

During the calculations it will be observed that all mixed expres- 
sions in (4.1) disappear. These expressions would have given dipole- 
quadripole interference in double-dipole two-quanta emission. l 
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Finally we obtain the following correlation formulae, dropping 
time factors which are independent of the directions of the photons, 


Way sa; =1+ qTyC08*0 | | 
Js(aj;a' j]—1) 15 1 z 

= = Tr —— (1—4 008*0) | 
PENE E E E ® 
Wr, =1—4cos?6 | 


Ją(aj; ćj1)1I5 1 


1 
WE = 1 q500894- 
for j-F1 


we, , =1+ cos? Se RET ZWÓJ A | TĘ 1—+ cos?) 
AB TO "J(aj; a j +-1) 13 7(7-2) 2 
Wee, =1—4cos0 . (4.7) 
Ją(joza'j) 15 3 1 | 
wel, (9 ee 1_c0s20 3 3 a SL eT 1—1cos20) 
ha od T E 


: oS et = (14 00820 
* (oj; aj) 18 38 E | ) 
Jəlat: a 4) 4 1 
e ©) = 1 EGONA cd ot Fe 1 29 
gates Z OOO Alea 000 ZP? 20) 
Wi =1+- cos?6. | 


Here Wg, lki ke) "Wg, ©, signify the relative probability for two- 
quanta emission accompanying the transition a'j —>aj. The quantities 
J.(aj;a'j') (s=1,2,3) defined in (4.2) are generally unknown. For 
their evaluation it is necessary to know the eigenfunctions of the gi- 
ven nucleus. 

Especially interesting is the transition a'0 > a0 forbidden in the 
one-quantum emission. Investigation of the directional correlations of 
the y rays in this case may lead to the experimental discovery of the 
(double-dipole) two-quanta emission. Our formulae give in this instance 
the angular relation 


We, = 1 + cos? 9. 


As the formulae of D. R. Hamilton (1940) for (dipole-dipole) succes- 
sive emission of two quanta give for the transition a'0—>a'1—>a0 
the same angular relation: 1+ cos?9, the possible difficulty of deciding 
whether in such an instance simultaneous (double-dipole) transition ~ 
or a successive (dipole-dipole) transition is taking place — cannot be 
solved merely by measuring correlations of y rays. ; 

In all other instances where formulae (4.7) do not contain un- 
known quantities I. (aĵ; a'j') (s=1,2,3) — directional correlations for 
(double-dipole) simultaneous two-quanta emissson and (dipole-dipole) 
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successive emissions of two quanta (10) are identical. These are the 
instances 


of successive emissions: of simultaneous emissions: 
aj+2—>a j+l—aj aj +2—> 0) 
a’0 SSG ==g1 a 0 >> al 
i: ay sb > ad al  —o00. | 


The above identity is the consequence of the fact that in these in- 
Stances, as the result of the selection rules for dipole radiation (see pai 
EG. 4) and (3.6)), there exist virtual intermediate states of the only 
one value j” (with generally different a”). 

| However, it seems possible to find out PROBA whether 
in such transitions (as e. g. in the transition a '0—>a0) in a particular 
case a two-quanta emission or a successive emission of two quanta is 
_ taking place. The following characteristic differences between the two 

i SD of emission are to be considered: : 


(1) for successive emission — an à actual lemia state of the 
nucleus, whose energy satisfies | aa 


wrens nd 


Bey > Hanyu > Hes} 


żę 


for simultaneous emission — - virtual intermediate states of the nuc- + 
leus, whose se energies satisfy ats 


haii 


Bars w> Bay or Ey >E arj" 5 4 \ 


a (2) for successive emission = discrete spectrum with two. | 
distinct: frequencies; 5 for ‘simultaneous emission — a continuous 


` spectrum, ŚĆ Wa 4 


n cases ai a (rok a 7 ji cdi ching anon f 
(Gat? 3) there exists, as a rule, virtual interme 
i j” values. In these cases it may be expected | d that 
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transition probabilities for electric and magnetic double- s Pa ra- 
diations of various orders. = 

It is not difficult to prove by means of (3.9), that the same 
correlation formula: 


u dob) = E COP ae es Ze (ESN 
as for electric double-dipole a'0—>a0 transitions applies also for 
magnetic double-dipole a'0—a0 transition (both photons are of 
magnetic dipole type) and electric-magnetic double-dipole a’0—>a0 
transition (one photon is of electric dipole-, the other of magnetic 
dipole type). To prove it we make use of the following formulae 


Deu: (Exit) oz, P—1+co80 (s =1,2), 
= (4.9) 


> an RZ > > = 
P [eTa (4x1 Xka) ega? =1+ cos? 6 
Ge 


-The ratios of the orders of magnitude of the electric, electric-magnetic g 
and magnetic double-dipole two-quanta RJ probabilities are 


me a iR 
ZY JP a 


ię 
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where 

SELN="L ay(],5—1,)=0(25—1) cz(j,8—1,]—1)=1—1 | 
jąj,j)=1 alj, DSN alj hiji | 
LtD aahi EUF) — 99(9,9-1,9) = 27-1 | 
espe ja other «;s=0 03(1,0,))71 

eels 72) 1 o3(9,9-+1,9)=—(273 | 
ner as =0 olj, jj +1) =) 


dy(],1 LJA =T 2) 
other a,s=0 | 
Next we shall transform the expressions (4.2) which define the 


factors I, (aj; a’j’) (s=1,2,3) by making use of the fact that the 
function: 


1— cos( Eaz Eu; — hoit hwg) x 


ie ae AAA (5.3) 
Jw; J (a 1 09 (Eaj Bay BE; ho,+ hwa j2 i 
has a strong maximum for: 
1 
w T Og = Ę (Bae Ea) = Moja (5.4) 


while the other parts of the integrands in (4.2) are slowly varying 
with w; and œw — as a consequence of the fact that in the simul- 
taneous processes 


Eg jg; ear, s=-0 (Sebo) 


Instead of the sums over ke, and ką we write integrals with respect 
to w= ck, @a= Cka keeping in mind that the density (on the interval 
unit of w) of oscillators of radiation field having the frequency w 
and the direction of propagation contained in the solid angle d2 is 


AD = cze PR (5.5) 


/ 


where G is the volume of the cube of periodicity. 
Assuming then that the initial radiation distribution is random: 


= Nłz=1 : - (5 6) 
Acta Physica Polonica Pa ae 17 
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(e.g. Nż=0 as for the spontaneous emission), we have 


oaj a's’ a 
Jylajza'j)=10 (waren — ea) walaji PPI aj'),, 
0 eae A p 
+ Kaj: PP: ai Joga, |? Awa 
aj; aj” = 
Jalaj; a'j') = 10 | (Way: a — 03) or | deja a je, (5.7) 
0 ~ 
re Kaj : P.P : a i eas, 0 7’— we F dows 
oaj; a'j’ = 
Jalaj; a'j') = 4/0 J (waj GRE ©) We | Kaj : RE : a9 > os 
0 ~ 
— Laji PZPidj Dowzar=aldog, | 
where we have assembled all constants into one quantity 
_ (2a F(N +1? dO, dQ, 
C= ee a 2 (5.7a) 


Now we come to the estimation of I,(aj,a'j') (8=1,2,3). For 
this purpose we assume that the nuclei under consideration apart 


jacj'm"> 7 S Eaj" 
a d 
|ocjim'> | 4 Ej! b 
RER g 
- IRA 
lajm) Ea 
Fig. 2 


from the initial energy level Pyp and the final energy level F,,; have 
only one intermediate energy level Earp, amd that all energy levels 
are degenerate with respect to m(ef. R. G.Sachs (1940)). The situation 
is represented in Fig. 2. 


In this case the formulae (5.1) are reduced to the following: 
Caji Ti Diajj, =al" j) Blaja" jaj) 

Kaj: TrTaia'j' >o = (agj,j"j') Blajsa’j"5 07’) (5.8) 
Saj: Tą XP gi aj), = ag(j,j”,j”) B(ajza”'j"za',j') 

where 


da bz) ¥ i T. sa” ieo <al’ tr T. e) iy 
B(ajza"j”; aj’) = SOU Taia i > Kat" Dei al > 
(ajjaj'3a’j’) ee eS EIO (5.9) 


(Hay Ba) (Bary = Eg) 
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Integrals (5.7), after the introduction of the following notations 


Kay — Ej F b wajaj: == A, 
Bguju m Ewy = d, hos ZW 


assume the form given below 


C .. © pre." 1 +14. . EN : 
a1 KajiPia" kai" iPiejoEEeG+ay |, 
0 


C +. Dp? tact terne 
,=t gz aż|Kaji Pia” j" >La i] 


Earje —hy= b, 


Pia’j’>P Beta | 


(5.10) 


(a—ax) x 


b—a)? (da)? 
r a—xL) s 


Copar 


(5.11) 


0 


a 


C .. Pr :"eN" Wd tte ° ft 
= te cs|Kaji Pia Gao} ;iaejrypteae f 
0 


Through integration we get 


2 


— —— 


bd): 


(a—x) æ 


(b—x)?,d+ax)? 
0 
*(q—20)2(a—2) @ 
(ba) (eta T 


if 


0 


FE 
b--d 


b+-4bd +a b 
bd 


(a—2a)?(a— x) g 


(b—x ?(d+a)? 


in 2 0-0) 


(5.12) 


Finally, in our approximation, we have the following expressions 


for the factors in (4.7) 
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In particular for u 
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It can be seen that the coefficients 


magnitude of one. It follows indeed that in certain cases the 


—9 and u=4 have respectively 


in (4.7) are of the order of 
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formulae differ from ours, e.g. for the transition a’2 > al >a2 
the former give (10) 


Se eae | eS | 
ieee “a3 cos? 0, A 


while ours, according to the above estimation, give ME 
1+ +; cos? 6+1— $ eosto FIt 608" 6% NS $ CORA: 
We will now estimate the order of magnitude of the absolute 


probability for the electric double-dipole two-quanta emission, e. g. 
for the transition a 0—a0. Formula (4.1) takes now the form (we 


write W r ey BY) = Wasps; 8 U) 
Watoao * =4 Jala 0; u'0)(1+ cos*6)]. (5.15) 
Making use of the approximation formulae (5.11), we BD 
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The probability per unit of time for two- -quanta emission in all 
2 directions is given BĘ 
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THERMAL PSEUDOHYSTERESIS OF THE DIELECTRIC 
CONSTANT OF FERROELECTRIC TITANATES* 


by A. PIEKARA and Z. PAJĄK, Physical Laboratory I of the Gdańsk 
Institute of Technology, Gdańsk 


(received January 1, 1952) 


Measurements of the dielectric constant of barium titanate and barium-stron- 
tium titanate were made in various temperatures with an alternating current of 
2 and 5 kHz frequency and a distinct anomaly in the dependence of the dielectric 
constant on temperature was discovered: the curve e=f(t) is different during the 
heating and the cooling of a sample. Values of the dielectric constant during 
cooling (above as well as below the Curie point) are higher than those measured 
at the same temperatures during heating. In the direct vicinity of the Curie point 
the value of the dielectric constant is higher by over 10 per cent during cooling 
than the maximum value observed during heating. We have called this phenomenon 
the thermal pseudohysteresis of the dielectric constant because of the characteristic 
appearance of the residue after the former thermal state. 


N 


Ferroelectrics of the titanate group possess an unusually large 


dielectric constant which is to a great extent dependent on tempera- 
_ ture. The maximum value occurs in the Curie temperature. Other 
physical properties of the ferroelectrics also present at this point 


a number of anomalies. Examining the dielectric constant of titanates 
in various temperatures we observed in the vicinity of the Curie point 
an anomaly of the dielectric constant, consisting in the phenomenon 
that the dielectrie constant depended not only on temperature but 
also on the former thermal state of the examined sample. 


Experimental procedure 


„ Measurements of the dielectric constant in various temperatures | 


were made by means of a Sullivan bridge fed by an oscillator of acous- 
tie frequencies. The examined samples consisted of polycrystalline 


* Supported by the Sekeja Naukowa Komisji Popierania Twórczości Nauko- 
wej i Artystycznej przy Prezydium Rady Ministrów. 
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barium titanate or barium-strontium titanate composed in 21,4 per 
cent of SrTiO, and in 78,6 per cent of BaTiO;, produced by the 
Institute of Inorganic Chemistry of Wrocław Institute of Technology +. 

The samples were sintered in 130000 during 2 hours. They had 
the shape of disks of the following dimensions: BaTiO; — diameter 
11,50 mm, thickness 3,72 mm; BaTiO,;—SrTiO; — diameter 11,54 mm 
thickness 2,80 mm. The measuring condenser consisted of the sample 
with silvered plates. The silver plating was done by the thermo- 
genetic method (Partington et al., 1949) by heating the sample 
painted with Ag,O —paste in an electric furnace at 700°C, The 
condenser with soldered copper wires was placed in an empty 
metal container with a precise thermometer and three thermo- 
couples. This container, was placed in an ultrathermostat for in- 
vestigations up to 100°C, and in a special electric furnace for higher 
temperatures. The temperature was held constant within the li- 
mits of +0,1°C. The temperature was controlled by means of the 
thermo-couples. The thermo-couples of copper (0,18 mm diameter) 
and Bureka resistance wire (0,12 mm diameter) had a thermoelectric 
efficiency of 40 uV/100; a difference of temperature of 0,05°C could 
be detected by employing a galvanometer with the sensivity of 2-10-°A 
per division of the scale. The junctions were placed so that the fol- 
lowing differences of temperature could be established: between the 
wall of the container and the plate of the condenser, the plate of the 
condenser and the bulb of the thermometer, and between the bulb 
of the thermometer and the interior of the condenser. In the last case 
a small hole was drilled with a thin needle in the sample in order 
to introduce into it the junction of the thermo-couple. 


Experimental results 


Measurements of the dielectric constant were made by employing 
an alternating current, the frequency being 2 kHz and 5 kHz. The 
measuring potential difference amounts to 7,8 y maximum. The 
temperature range was 20—150°C for barium titanate and 20—75°C 
for barium-strontium titanate. Fig. 1 represents the curve of the. 
dielectrie constant plotted against temperature in the vicinity of the 
Curie point. Curves I, II, III represent consecutive cycles of heating 
and cooling for the same sample of barium-strontium titanate. Hach 
cycle lasted 1 to 5 hours. It is obvious from the curves that changes 
of the dielectric constant are different during the rise and during the 


1 The Authors wish to express their thanks to Professor W. Trzebiatowski 
for providing the samples for the investigation. : 
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fall of temperature. Corresponding curves were obtained for the ba- | 
rium titanate. It was observed that changes in the speed of heating | 
did not essentially change the curve of heating (Ila, Ila, apart 
from the curve Ia, which was the curve of a first heating), but 


2550 


1950 
35 40 50 60 70 (c) 
| ees, 
Fig. 1. The dependence of the dielectric constant of barium-strontium titanate on 
temperature for three consecutive cycles of heating and cooling. 


ee ee VESA 


changes in the speed of cooling markedly affected the curve of 
cooling (Ib, IIb, IIIb). It was observed that the shape of the curve | 
depends not only on the speed of cooling but also on the previous 
temperature of the sample. The dielectric constant of the sample has 
a higher value during cooling than during heating; sometimes the dif- 
ferences exceed 10 per cent. 

The temperature in which the maximum of the dieleetric_eon-- 
stant occurs depends on the direction of changes of temperature: 
during cooling the maximum occurs at a somewhat lower temperature 
than during heating. For barium titanate the maximum is observed 
at 12790 during the heating and at 125°C during the cooling: for ba- 
rium-strontium titanate at 5600 during the heating and at 54°C dur- 


ną = 
=; y 
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ing the cooling. The different course of curves during the heating and 
the cooling processes is also distinct in closed thermal cycles not 
enclosing the Curie point, but lying above or below it. Fig. 2 repre- 
sents typical curves e=f(t) for barium-strontium titanate below the 
Curie point (curve I) and for barium titanate above the Curie point 
(curve II). The figure shows that the closed cycle of heating and cool- 


<A (n, 
120 130 140 (°c) — z 
2700 M Mod 
l 
1500 800 a 
30 40 50(*%C) — t a 
(1) ~ 


F Fig. 2. Pseudohysteresis curves: I — BaTiO, — SrTiO, below the Curie point; 
- II — BaTiO, above the Curie point. 


z 


ing below the Curie point resembles the hysteresis loop; it is com- 
posed of two parts: the ascending one and the descending one, and- 
the descending one lies above the ascending one. Now above the Curie 
point the situation is different: the descending curve lies below the 
ascending one. The „residue” after the former thermal state appears 
here in a singular way: a high temperature in the past causes an in- 
crease of the dielectric constant, even if the dielectric constant in : 
higher temperature is lower as is the case above the Curie point. For ae 
this reason we have called this phenomenon the thermal pseudohyste- : 
resis of the dielectric constant. This peculiar occurence takes place 
in a still more striking way in the direct vicinity of the Curie point; >= 
where the dielectric constant measured during cooling has a higher 
value than in the whole, process of heating. In points A of Figs. 1 
and 2 it is obvious that stopping the process of cooling causes a Spon- p 
taneous falling of the value of the dielectric constant. These facts Ś 
were corroborated by experiments, the results of which are -repres 
ted by Fig. 3. | AA ay * 
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A sample of barium-strontium titanate, which was kept at room 
temperature, was heated in an ultrathermostat to 45°C and its di- 
electric constant was measured ?: e,=2133. This value did not change 
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amounted to «5=2346. This value diminished in the course of time 
as shown by the curve on Fig. 3. After a series of measurements which 
lasted one hour the sample was cooled to room temperature and after 
15 hours was again heated to 45°C. The value on the constant £45 = 2169 
is now much lower than the former e% and only slightly higher than 
the initial value es. It is noteworthy that this value does not dimi- 
nish visibly in the course of time. Cooling of the sample again to 20°C 
for a period of 22 hours and heating it again to 45°C changes but 
slightly the value of the dielectric constant, which now amounts to 
2;=2145 and is quite near the initial value of e4, and does not change 


t 


Fig. 4. Diagram of the dependence of s of titanates on temperature after several 

thermic cycles. The thick curve — heating; an almost uniform dependence. Thin 

curve — cooling; the shape of these curves depends on the initial temperatures 
and on the speed of cooling. 


in the course of time. Thus a change of the dielectric constant in the 
course of time occurs only if the sample before measuring was in 
a higher temperature, but it does not occur if the sample before the 
measuring was in a lower temperature. In this latter case an influence 
of a still more remote thermal past of the sample may appear only 
in a small degree, if then it had been in a higher temperature. Pro- 
bably for this reason the value of £45 is somewhat higher than those 
of es; and ess. : 

The results obtained may be represented on a general diagram, on 
Fig. 4; where one can see the shapes of curves e=f(t) during heating 
of the condenser with the dielectric, and during cooling from various 
initial temperatures. The dotted lines show the direction of the spon- 
taneous change of the dielectric constant when the process of cooling 
is stopped at a certain temperature. In that case the value of the 


dielectric constant always diminishes. The curves A and B on Fig. 4 - 
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represent individual thermic cycles for temperatures above and below 
the Curie point. 

The above mentioned observations may be interpreted as follows. 
The dielectric constant changes its value without any delay in heating 
process, nevertheless in cooling process. the delay-effect takes placed. 
This effect appears as an excess of dielectric constant as regards to 
the value observed in heating process at the same temperature. This 
excess vanishes with time and proves about previous termal state of 
the sample, if there was a state of higher temperature than meas- 
uring one. This phenomenon may be called a „high temperature 
memory* of the sample. The „low temperature memory“, if existing, — 
was in our measuring conditious unobservable. 3 

The results of the above work were presented at a scientifi, 
meeting of the Gdańsk Institute of Techitology on June 8, 1951. Si- 
milar results were presented on October 3, 1951 by N. A. Roy (1951) 
to the Academy of Science of the U. S. S. R. The fact that Roy did _ 
not observe the difference between the shapes of the cooling and — 
heating curves above the Curie point is due to slower ‘changes of tem- I 
perature in his experiments. | es "AR 
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ON THE DEPENDENCE OF THE CROSS-SECTION FOR 
PAIR PRODUCTION ON THE ATOMIC NUMBER Z 


By A. Z. HRYNKIEWICZ, Institute of Experimental Physics, 
Jagellonian University, Krakow 


(received February 18, 1952) 


The ratio of the cross-section for production of electron pairs by gamma ThC” 
rays (2,62 MeV) in Al, Cu and Ag to the cross-section in Pb was measured. For 
this purpose the G.-M. counter method was employed, using counters for beta 
rays working in coincidence. Possible sources of errors, the most important among 
which are due to Compton coincidences caused by a Compton electron and a scat- 
tered gamma photon, were carefully considered and discussed. The ratio of the 
eross-sections in Al and Pb was found to be much larger than the ratio theoretically 
calculated from Bethe and Heitler’s and Jaeger and Hulme’s theories. 


Introduction 


The aim of the measurements was to obtain the ratio of the 
cross-section for the production of electron pairs in Al, Cu, and Ag 
by gamma rays of ThC’’, to the cross-section in Pb. The results of these 
measurements were compared with values calculated on the basis of < 
Bethe and Heitler’s and Jaeger and Hulme’s theories. - 

According to Bethe and Heitler (1934) who employed in their > 
calculations Born’s approximation, the cross-section for pair pro- 
duction is proportional to Z%. According to Jaeger and Hulme (1936) 
whose calculations were more exact (they did not employ the above 
mentioned approximation), the dependence on Z of the eróss-section 
"for pair production is expressed by the formula 


o=a(Z/137)+(Z/137)" 


in which the first term gives the value of the cross-section for Born’s 
approximation; the constants a and b for hv=5,2 me? (2,62 MeV) 
calculated from experimental data for lead amount to a=6,95 barns, 
b=4,62 barns. 

The dependence of the cross-section for pair production on the 
atomie number was measured by the cloud chamber method by 


r 
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Chadwick, Blackett and Occhialini (1933, 1934) and by Bencke (1935). 
The results obtained point approximately to a quadratic dependence 
of the cross-section on Z, but the small amount of statistical material 
and errors due to the thickness of employed plates do not permit to 
choose between the two theories. Benedetti’s (1935, 1936) and Boc- w 
ciarelli’s (1937) measurements, in which the number of positons pro- 
duced by gamma rays in plates of various materials was measured 
with G.-M. counters, indicated certain deviations from the quadratic | 
dependence on Z for light elements. These deviations were explained 
by Franchetti (1938) to be due to the background of Compton elec- 
trons. Groshev (1945) by means of the cloud chamber method ob- 
tained a quadratic dependence on Z of the cross-section for pair pro- 
duction by gamma rays of ThC’’ in the chamber gas (nitrogen, krypton 
and xenon), but the precision of his measurements does not yet per- 
mit to decide between the two theories. Measurements of absorption 
in various materials, of gamma rays of large energies: 11,04 MeV, 
13,73 MeV, 19,10 MeV (Adams 1948) and 88 MeV (Lawson 1949), for ` 
which the production of electron pairs is the main cause of absorption, 
proved inconsistent with theoretical calculations: for heavy elements 
(Pb and U) the cross section was too small, for light ones (Be and Al). 
too large. These deviations had a different sign than Jaeger and Hul- 
me’s correction, and were larger for gamma rays of greater energy, 
which is also inconsistent with Jaeger and Hulme’s theoretical cal- 
culations. Recently there appeared a paper by Hahn, Baldinger and 
Huber (1951) who, by way of registering annihilation radiation by 
means of scintillation counters, counted the positons produced by 
gamma rays in various materials. Some deviations from the quadratic 
dependence on Z obtained by them for elements heavier than Fe were 
consistent with Jaeger and Hulme’s theory. They did not investigate 
elements lighter than Fe, because Hulme and Jaeger’s theory does 
not expect in those materials measurable deviations from the quad- 
ratic dependence. 


Apparatus 


The apparatus used in the present work was similar, except for 
slight modifications, to this of a former work (Hrynkiewiez 1950). 

A sample of MsTh equivalent to about 40 mg of Ra was placed 
in a lead block. The gamma rays filtered through 25 mm of lead were 
practically monoenergetic with energy of 2,62 MeV. A beam of these — 
rays, was collimated by means of a channel 30 em long and directed 
towards a metal foil in which the pairs were produced. The foils were 
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set in a light aluminium frame in order to diminish the background 
due to the external layers of the lead block in which the collimating 
channel was bored. The G.-M. counters for beta rays with mica 


Fig. 1. Position of the counters. 


windows (5 mg/cm2), working in coincidence, were placed in a distance 
of about 5 em from the foil. The mouth of the collimating channel, the 
foil frame and the setting of the counters are represented on Fig. 1. 


Measurements and results 


Proper coincidences, i. e. coincidences caused by electron pairs 
produced in the foil may belong to two types: 


4 1. $-5*-caused by a negaton entering one counter and a positon 


` entering the other. 


2. Bty-caused by a positon registered in one counter and the 
annihilation photon of this positon producing an impulse in the se- 
cond counter. j >< 

Of course the first type happens much more frequently. 


Besides these the apparatus could register the following undes- 
irable coincidences: 

1. $-y-„Oompton coincidences” caused by a Compton electron. 
entering one counter, and a scattered gamma photon producing an. 


_ impulse in the second counter; 


2. yy-caused by registering in one counter a scattered photon 
registered previously in the other one; 
3. Accidental coincidences. 
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The number of accidental coincidences did not exceed 0,05 per 
1e of the coincidence circuit; 


hour thanks to the good resolving tin | 
and they could be neglected as well as those of the yy type which | 
| 


could be neglected because of the geometry of the apparatus and | 
the small efficiency of the counters for gamma rays. | 

As the main source of possible errors remain the Compton co- | 
incidences of the B-y type. The Compton electron may originate in | 
the foil, in the frame in which the foil is set or in the layer of air be- | 
tween the foil and the counters. Errors due to the last two sources 
are eliminated by subtracting the background. For eliminating the 


o 20 40 6002 80 + $ 


A Fig. 2. The.dependence of the angle between the directions of the incident and the 
scattered photon on the angle between the directions of the incident photon and 
the Compton electron for gamma rays of 2,62 MeV energy. sA 
z SS 
foil as a source of numerous Compton eoincidences it is necessary to © 
set the counters at a proper angle. It is obvious from Fig. 2 that for _ 


i 

“ee gamma rays of the energy of 2.62 MeV the angle between the direc-- 
| tions of the negaton and of the scattered photon (+0) is never 3 
8 smaller than 60° and that for angles © smaller than 30° the corres- 
AR ponding angles © are larger than 30° and vice versa. If we set both: 


counters symmetrically in such a way, that their effective volumes 
lie totally in a cone whose angle at the vertex is equal to 60°, or out- 
side such a cone, coincidences of the B”y type will not be rogistezadii 
Setting of the counters inside this cone is not convenient due to a large 
background of gamma rays. In our measurements the external setting 
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was employed, as represented by Fig. 1A. Conformity of obta- 
ined ratios of coincidences Np,p/Na for Al (43,6 mg/cm?) and Pb 
(42,4 mg/cm?) foils for three settings of counters A, B and C (see 
Table 1 and Fig. 1) proves that the Compton coincidences 877 (except 
those caused by Compton electrons scattered in the foil) are not 
registered and that the effect of differences of angular distribution 
of pair electrons on final results is small. If the differences of angular 
distribution of pair electrons for various materials are taken into 


Table 1 
Positions Npo/N ai | 
of counters 
A 2,42 +0,16 
B 2,16 +0,41 
C 2,18 +0,37 


consideration, a small correction would result, which would enlarge 
the observed deviation for Al from theoretical calculations. 
The ratios of the numbers of coincidences for Al, Ou and Ag 
foils to the number of coincidences for the lead foil were extrapola- 
ted to zero thickness in order to eliminate possible errors arising 
from the differences of absorption of produced electrons for the same 
surface density of various materials, and the scattering in the foil 
of Compton electrons from a 60° cone. The extrapolation to zero 
thickness eliminates these errors, as both effects mentioned above 
are proportional to the square of the thickness of the foil, while the 
number of pairs produced in the foil is linearly proportional to the 
thickness. This can be proved by the following simplified reasoning. 
The number of Compton electrons produced in a layer of the foil 
of thickness dh, lying in the distance h from the surface, is propor- 
tional to the thickness of this layer: 
dny=a:dh. 
"The number of electrons produced in this layer, which will be scat- 
‘tered while passing through the remaining part of the foil is pro- 


portional to dn, and to the distance which they must still pass in the 
foil, i.e. to H—h, where H is the total thickness of the foil, © 


dn=b:dn,(H —h), 


whence 


r ee 
n= f a-b-(H—h)dh=(abH?)/2. 
38 j ‘ord 
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Therefore the number of scattered Compton electrons is proportional 
to He. 

In the case of absorption in the foil of produced pair electrons 
a similar reasoning may be completed. re. 

By passing to the limit (H—>0) with the ratio of coincidences “i 
for the given element and for lead, the effects proportional to H? are | 
eliminated. 

The measurements consisted in registering the number of co- 
incidences N for Al, Cu, Ag and Pb foils in dependence on surface den- 
sity s. The results after substracting the background, are presented in 
Table 2 and on diagrams in Fig. 3. The ratio of coincidences N/N, 


Table 2 
Frame without t (h) N, (imp/hour) | 
foils 107,3 8,8 +0,19 
Element | s (mg/cm?) t (h) | N (imp/hour) 
Al | 11,01 74,8 | 3,3 +0,33 
22,02 53,1 6,7 +0,42 
32,74 50,2 | 8,5 +0,44 
43,56 47,0 12,2 +0,49 
Cu 11,68 56,2 - 5,0-+0,38 
23,01 85,8 8,9 +0,36 = 
29,92 W252 11,4 +0,40 
41,60 55,5 15,0 +0,48 
Ag 12,63 67,3 8,0 +0,39 
20,14 69,7 11,2 +0,41 
25,51 63,3 14,3 +0,45 
32,77 47,5 17,9 +0,54 
37,66 51,9 19,4 +0,54 
Pb 9,91 76,2 9,9 +0,38 
20,94 63,4 17,5 +0,47 
30,85 . 57,8 23,3 +0,54“ 
42,36 36,7 29,5 +0,71 


mee as a function of s, was then evaluated. The obtained values were graph- ` 
= ically extrapolated to zero thickness (Fig. 4). In Fig. 4 there are 
also represented the values of the ratio Np»/N calculated from Bethe 


>: - and Heitler’s (o) and Jaeger and Hulme’s (X) theories. These values 
4 are compared with experimental values in Table 3. The ratio of the 
Ko ; 
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Table 3 | 

| NPb/N | 

= Element Z A i y 
4 | theoretical | experimental 


H-"B. | JH. 


| 
Al 13 27,0 5,2 6,5 | 357. LOA | | 


Cu 29 63,6 24 2,9 2,55 +0,2 
- Ag 47- Lor oaeo ETS 17-204. 


bas 82 | 207,2 1,0 LO 1,0 
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Table 4 


6/Opp 


ESA _ theoretical EES experimental 
H.—B. {| J.—H. | m 


Al 0,025 | 0,020 0,035 +0,003 
Cu 0,125 | 0,104 0,121 £0,009 
Ag 0,328 | 0,286 0,306 +0,018 
Pb 1,0 1,0 = 1,0 


ratios are also given in this table. Values of the expression 
(9/Op,)—(4/opy pu. 
(olop)Ba. : 


where o/op, represents the measured ratio of the cross sections, and 


ume © 
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sented in Table 5 and compared with deviations expected by Jaeger 
and Hulme’s theory, and presented on a diagram (Fig. 5) as a fune- 
tion of Z. 


Table 5 
Element J.—H. | experimental 
Al —0,20 +. (0,40 +0,12) 
Cu — 0,17 —( 0,03 +0,07) 
Ag —0,13 —(0,07 +0,05) 
Pb Gaan 0 


The results obtained, in present work may be interpreted in 
such a way that the dependence of the cross-section on Z is weaker 
than a quadratic one, which is inconsistent with Jaeger and Hulme’s 


Fig. 5. A comparison of the experimental results with theoretical calculations. 


theory. This conclusion would, however, be contradictory to the re- 
sults obtained by Hahn and coworkers, who stated confermance with 
this theory for elements heavier than Fe. Another possible explanation 
would be to assume, that inconsistencies with the theory take place 
especially for the lighter elements. 
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ON THE MICROSTRUCTURE OF THE WORLD. I. THE 
ELEMENTARY LENGTH* 


By Jan WEYSSENHOFF, Institute of Theoretical Physics, Jagellonian 
University, Krakow 


(received June 10, 1952)** 


The main causes of the difficulties encountered by present day physics in 
the theory of elementary particles is attributed to (i) the indiscriminate use of 
Euclidean (or pseudo-Euclidean) metric both in microphysics and macrophysics 
and (ii) the recognition of the point (or the point-event) not only as the primitive 
notion of macrophysics but also of microphysics. An attempt is made to construct 
such a scheme of macro-micro-macrophysical space-time measurements which leads 
to Euclidean geometry only in macrophysics, this geometry ceasing to be even 
approximately valid in microphysics. This can be achieved by changing the prim- 
itive element of physical geometry from the point to that of „directed wave front“ 
and by adopting the „concordant contact“ of two wave fronts as their unique pri- 
mitive relation. If the proposed theory proves to be true, than all laws of micro- 
physics will have to be invariant under the 15-parameter group of wave-front trans- 
formations, which is isomorphic with the 15-parameter group of Lie’s sphere trans- 
formations in three-dimensional space (or the Mobius group of conformal point- 
transformation in four-dimensional space). At the same time the concept of ele- 
mentary length is automatically introduced in the foundations of physics. 


§ 1. Introduction 


1.0. The difficulties encountered in present day microphysics led 
many eminent physicists to express the view that the changes that 
have to be done in the foundations of quantum physics must neces- 
sarily be of a very drastic nature. It seems, however, that all the in- 
novations introduced so far in this direction were not deep enough. 
The present paper is the first part of an attempt to formulate the 
foundations of physics in such a way as to take into consideration 
from the very peginhing the essential difference between microphysics 


* Presented at two sessions of the Cracow Section of the Polish Physica 


Society, May 26 and 29, 1952. 
** Revised manuscript received August 30, 1952. 
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and macrophysics. The main idea is to choose as the primitive notion 
of the geometry on which the whole structure of physics has to rely the 
concept of wave rather than that of point (or point-event) +. It turns 
out that at the same time the concept of elementary length is built 
in in the foundations of physics, so to say, automatically. 

1.1. We begin with a general remark of a rather vague nature. 
The fact that the dimensions of the atoms and the periods of light 
which they emit cannot be determined without knowledge of Planck’s 
constant h suggest that the metric of physical space might be inti- 
mately connected with the process of quantization. The suspicion 
arises that after the introduction of Euclidean metric as background 
both for macroscopic and microscopic phenomena it might be already 
too late for a consistent quantization; in other words, it might be 
too late to build in the third, dynamical, universal constant h (con- 
sidering the universal length. as the first, static or geometrical, and 
the velocity of light ¢ as the second, kinematical, universal constant. 


§ 2. The macroscopic standpoint 


2.0. On the other hand, it is well known that purely micro- 
-physical measurements do not exist but only macro-micro-macro- 
physical ones, and that —on the microphysical scale — all these 
“Measurements are performed from a very large distance (practically. 
from infinity). The nearest distances from which we can ebserve an 
electron is of the order of magnitude of the grains of photographic 
-emulsions (e. 1 u); therefore, if we imagine the electron to be a sphere 
of 1 mm diameter, the nearest distance from which we could observe 
it would be some 1000 km from the 1 mm sphere. Many experiments 
with Geiger-Miiller counters are comparable with the observation from 
the earth of a sphere of 1 mm diameter located at the distance of the 
sun (corresponding to a distance of the counters of c. 15 cm). 


2.1. Let us then adapt the starting point of the new theory to - 


„this situation. We imagine. a microscopically very large sphere Sp of 
radius R. Our measuring instruments are situated on this sphere and 
outside of it. It is well known that their functioning can be described 
by macroscopie concepts. This implies that on the Sr-sphere and out- 


side of it ordinary Euclidean geometry prevails with an accuracy sUr- SS 


passing by far the possibilities of our detecting any discrepancies from 
its laws (at least as far as points and figures consisting of points are 


1 This view was already expressed by the author in his conference on Wave 


cow, September 1934 (Wevereabers a. 
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gt 


concerned). But from the interior of Sr different „Signals? arrive to 
us and we must find means to interpret them. Putting it more pre- 
cisely, we may describe the situation, as follows. Near A on or outside 
of Sr we perform some experiments and then a short while afterwards 
we observe in other points B,C,... on or outside of SR phenomena 
which did not occur before. Moreover, we can ascertain that the phe- 
nomena in B,C,... were not caused by any action propagated from A 
around or even through the interior ot the sphere Sr by any known 
macroscopic process. We speak then of microscopic phenomena and 
we are just looking for a theory to describe them all in a consistent 
way. What right do we have to assume that Euclidean geometry pre- 
vailing on our „macroscopic standpoint” outside of Sr will also be 
adequate to describe all microscopic phenomena, inside of Sr? 

2.2. The general situation sketched above was often considered? 
or at least conceived by many physicists and it was also the starting 
point of Heisenberg’s considerations leading to his S-matrix formalism. 
However, provided the theory advocated here should prove to be true, 
Heisenberg did not make the decisive step of discarding Euclidean 
geometry as background of quantum theory. 


§ 3. The wave fronts and their geometry. 


3.0. The task before us is to find such a geometry which will 
in a certain sense, yet to be specified, cease to be Euclidean towards 
the inside, and not towards the outside as Riemannian geometry and 
all sorts of kindred geometries do. At first this could seem impossible 
as none of the very different kinds of non-Riemannian geometries. 
created by mathematicians and physicists of the 20th century show 
this peculiarity. On the contrary, all these geometries have the com- 
mon property of becoming linearized by passage to the infinitely 
small”, they all become simpler in smaller and smaller regions, with 
decreasing dimensions most of them tend to become Euclidean. How- 
ever, our doubts would be well-founded only if we were compelled 
to stick to the concept of point (in the sense of „ordinary” geometry) 
as basic element. But the whole situation turns to our favour if we 
are free to choose — following the great geometers of the 19-th century, 
beginning with Plucker — another primitive element. 

3.01. There is Still another reason for the abandoning of the 


p» primitive notion of four-dimensional point. It cannot be denied that 


this notion, the demonstrative act „here-now”, is an essentially macro- 


2 See, e. g., Weyssenhoff (1928). 
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scopic concept and its transplantation to microphysics is a hypothesis 
which can be justified only by success. The leading idea of the present 
investigation is just the conviction that this success has proved to 
be lacking. 

3.1. The question arises now what sort of geometric, or rather 
physico-geometric, entities have to take over the róle of the discarded 
points in the foundations of physics. Undoubtedly, we cannot throw 
away the whole of contemporary physics and begin the whole struc- 
ture anew, but we must take over from modern physics as much as 
we can, leaving away only those notions whose transfer from macro- 
physics to microphysics seems impermissible. In particular, we must 
thoroughly consider the leading ideas of modern natural philosophy 
and find out their most characteristic feature. As such we regard here 
the fundamental part played by the notion of wave and adopt there- 
fore the wave (in a possibly simple form) as the primitive element 
out of which the whole edifice of physics has to be constructed. It will 
appear presently that in its most simple form this wave has to be 
understood as wave front (wave surface, surface of equal phase of 
a monochromatic wave, ...), which becomes a point in the particular 
case of a spherical wave front of vanishing radius. 

3.2. The characteristic property of waves is that they comply 
with Huygens’ principle. Now, this principle may be expressed without 
making any use of metric whatever and most probably also without 
the concept of point, but certainly not without that of contact be- 
tween wave fronts. We take, therefore, this contact as characteristic 
relation between our wave fronts and we shall consider as having 
an objective meaning in microphysics only what is invariant under 
the group of wave-front transformations, i. e. transformations carry- 
ing over spherical wave fronts into spherical wave fronts without 
destroying their mutual contacts. This is in very few words our pro- 
gramme and we must now work it out in greater detail. 

3.3. After having decided to choose the wave as the primitive 
notion of physical geometry, we must try to take it (at first) in its 
most simple form, at any rate not as a progressive wave, consisting 
of an infinity of wave fronts, but just as one wave front. As these 
wave fronts, however, have to play the réle of elements out of which 


afterwards progressive waves will have to be formed, we will take 


them at once as directed wave fronts (whose one side is considered as 
positive, the other as negative, the direction of the front being from 
the negative side to the positive one). On a drawing we can indicate 
the direction of a wave front by an arrow of any direction as long 


as it is not tangent to the surface which represents the wave front 
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on that particular drawing. (Henceforth we shall assign positive values 
of the radii to divergent spherical wave fronts and negative to con-: 
vergent ones). 

3.4, On the other hand, the simplest waves with which we have 
to do in physics are plane waves and spherical waves, and it is clear 
that plane waves can never be wholly realized in nature as their fronts 
had then to extend to infinity. They may be considered, however, 
as limiting cases of spherical waves (emanating from infinitely remote 
sources) and as such they must also be included in our wave fronts. 
Moreover, our wave fronts must also include points as special cases 
of spherical wave fronts with vanishing radii. Thus finally our wave 
front manifold will consist of directed- spheres, directed planes, andis 

_ points, the difference between these three geometrical entities existing 
- only with respect to the particular Buclidean mapping used. Objectively 

"all wave fronts must be considered as equivalent as any of them can 

- be carried over into any other by a suitably chosen wave-front trans- | 
Reformation. "= ZSL | a ee 
: 3.5. It is obvious that the wave fronts being directed we must. ae 
attribute an objective meaning only to their concordant contact 3. For 
instance, two spherical divergent wave fronts which are tangent in 


the ordinary sense (in a given ‘Euclidean mapping) will be considered 
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clearly enough is that the spheres, planes, and points we are speaking 
-of may be only considered as illustrations of the wave fronts (in a par- 
ticular mapping of the wave-front manifold upon an auxiliary Hucli- 


dean space), but we must always keep in mind that they differ sub- | 


stantially from the wave fronts, as they consist of points, whereas 
the wave fronts, as primitive notions, have only a meaning as a whole, 
they are indivisible entities and do not consist of anything else. This 
property they share with the de Broglie waves. Our task is not to 
construct the wave fronts out of points, but to define points — or 
rather surface elements — in terms of the wave fronts. 


§ 4. Lie’s geometry of spheres 


4.0. It happened, as it often does in history, that the mathemati- 
cal formalism needed for the handling of a new physical theory has 
been created by mathematicians long before it could find imme- 
diate application. Indeed, mathematically our wave fronts are no- 
thing else as the so called Lie spheres which play the réle of primitive 
elements in an interesting kind of geometry created by Sophus Lie 
(1872) in the 19th century. As Lie’s geometry of spheres — or, in Fe- 
lix Klein’s terminology, the higher geometry of spheres — is little 
known among physicists, we shall give here some information about it; 
this we shall do in a somewhat modified form adapted to the needs 
of physicists. More details can be found in Felix Klein’s Vorlesungen 
über höhere Geometrie (1926) or in Wilhelm Blagchke’s Vorlesungen 
über Differentialgeometrie, Vol. III. Differentialgeometrie der Kreise 
und Kugeln, edited by Gerhard Thomsen (1929) 4 

4.1. The reader will remark that what follows now is to a great 


extent only a recapitulation in a little more precise form of what has ` 


been already said about wave fronts and their interrelations. Let us 
consider a three-dimensional Euclidean space, which we shall call 
henceforth the auxiliary Euclidean space, and in it the ensemble of 
all the „Lie spheres”, that is, all the points, directed spheres, and 


directed planes. As every directed sphere may be characterized by E 
the three coordinates of its center and the value ‘of its radius (taken © 


positive or negative according to whether the sphere is directed out- 


wards or inwards), this ensemble forms a four-dimensional manifold. — 
One calls region of this manifold every ensemble of Lie spheres which - 


can be brought into one-to-one continuous correspondence with a re- 
gion of points in a four-dimensional space. 


x * The author is not aware of any other text-book treating this subject a little- 
more in detail. 7 A ` j 
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4.2. The Lie spheres play the róle of the elements of Lie’s geo- 
metry and the concordant contact of these elements — a point being 
in contact with a sphere or plane when it lies respectively on this 
sphere or plane — the róle of the unique, fundamental relation be- 
tween them. On these two concepts one could surely base an axiomatic 
formulation of the whole higher geometry of spheres in a similar man- 
ner as, for instance, projective geometry has been evolved from the 
primitive notions of points, planes, and incidence; this —so far as 
the author is aware — has not yet been done, which must be con- 
sidered rather as a pity from the physicists point of view. 

4.3. Alternatively one can, however, define the same geometry 
in the sense of Klein’s Erlanger Programm by its fundamental group, 
the role of this group being played by all the transformations which 
carry the Lie spheres one into another leaving undisturbed all their 
concordant contacts. The ,,Lie spheres” themselves can at the same 
time be also defined analytically as ordered sets of six hexaspherical 
coordinates (defined in $ 6 below). There it will also be shown that 


the fundamental group of Lie’s geometry of spheres depends on 15— 


independent parameters. : 

4.4, It is interesting that already Lie, the founder of the higher 
geometry of spheres, found it indicated to replace, on continuity grounds, 
ordinary spheres by directed spheres. For instance ë if there are given 
two regions of the sphere manifold standing in a one-to-one continuous 
correspondence and we try to extend this correspondence to larger 

‘regions including the given ones, then it appears that this can be done 


only if we are concerned with directed spheres. With ordinary spheres- 


* the extended correspondence would in general be bi-univoque. More- 


over, to secure continuity in the whole manifold of Lie spheres one - 


must add a „point at infinity”, corresponding in a certain sense to 
the plane at infinity of projective geometry (see $ 6.7). 

| 4.5. We have seen already that physical considerations also lead 
to the adoption of directed wave fronts. This may be vividly illustrated 
i on the following example. Let us imagine a contracting spherical wave 
front whose radius becomes smaller and smaller till it vanishes al- 
A together. If r could only assume non-negative values this would þe 
"a limiting process. But as it is, with directed spheres and negative as 
_ well as positive values of r, the process may proceed further. The 
values of r which initially have been negative pass through zero and 
_ become positive. The propagation of the convergent wave continues 
as a divergent wave. It is to be noticed that the particular Lie sphere 
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which appeared thereby as a point does it only in the chosen Euclidean 
mapping of the wave-front manifold. In another mapping another 
sphere may play the same rôle; every sphere may be made to appear 
as a point in a suitably chosen mapping. 

4.51. At the same time the difference between divergent and 
convergent waves — and thus also between retarded and advanced 
potentials — loses its objective meaning in microphysics. It becomes 
only a matter of choice of the Euclidean mapping whether a given 
spherical wave front plays the part of a divergent or convergent wave. 

4.52. The situation may be compared to a well-known example 
in special relativity theory: the relativistically uniformly accelerated 
motion of a particle. Departing from the common practice of physi- 
cists Born (1909), who first described it, called it hyperbolic motion 
as its world line is a hyperbola®. But in ordinary three-dimensional 
space it is a rectilinear motion with constant proper acceleration. 
Viewed from a fixed inertial frame of reference, the particle appro- 
ches from infinity with the velocity of light (for t=—oo), gradually 
it slows down till it comes to rest and then the motion proceeds fur- 
ther in a reversed direction and growing speed, till for t=--oo the 
velocity becomes again equal to ¢. At first glance it could seem that 
one point-event is singled out by the described motion, namely that 
one in which*the particle reverses its direction of motion. But ob- 
viously every point of the trajectory has the same property in a suit- 
ably chosen inertial frame of reference. The analogy with the con- 
tracting and then expanding sphere is obvious. 5 

4.6. Let us draw from the above comparison one more important 
conclusion. We notice that the equivalent of the Lorentz transfor- 
mation of coordinates in relativity theory consists here in the change 
of the Euclidean mapping, rather than in the change of coordinates, 
and — as will become clearer in the sequel — this mapping itself de- 
pends on the geometrical configuration of the measuring apparatus. 


§ 5. The pentaspherical coordinates 


5.0. At first, one could fear that all calculations in the new theory 
based on the transformations of spheres into spheres might prove to 
be far more difficult than those we meet in present-day physics. It ap- 
pears, however, that this is not quite the case, as the geometers of 
the 19th century have already found suitable ceordinates, so called 
hexaspherical coordinates, in which Lie’s transformations of spheres 


€ In the same terminology the uniformly accelerated motion 


n.th of ordinary, 
non-relativistic, dynamics would have to be called parabolic motion. ~ 
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into spheres (our wave-front transformations) become linear, and the 
determination of the invariants of the new group of transformations 
may proceed on similar lines as in relativity theory. There remain, 
it is true, some additive inconveniences caused by the new coordinates 
being homogeneous and not independent but fulfilling a .quadratic 
condition, they may, however, be overcome without serious difficulties. 

5.01. Before defining the hexaspherical coordinates, we must first 
of all introduce the so called pentaspherical coordinates’. The idea 
is to find such coordinates in which the equations of spheres become 
linear. In other words, we are going to ,,linearize the equation ofa sphere” 
though in a quite different manner as Dirac has done it with the wave 
equation 5. At the same time we shall also make our coordinates homo- 
geneous. It is well known that ordinary, unhomogeneous coordinates 
are the adequate tool for handling „local problems”, but when trans- 
formations of whole spaces into themselves play a predominant róle 
than the homogeneous coordinates become more expedient. This situ- 
ation presents itself often in geometry and practically always in 
quantum physics. 

5.1. Let us now denote ordinary rectangular coordinates in an 


auxiliary Euclidean space by jm (m=1,2,3) and the coordinates of 
the center of a sphere of radius r by 2”, then the equation of the sphere 
will read 
(dt ah)? + (a? at) + (G80) = (5,1) 
or : 
2am gm—_a™ g™ —(00)=0 (5,2). 


where the sum over m is understood and we have put 
(ox) = igr. (5,3) 


In (5,2) only the second term destroys the linearity in the «s; we re- 


establish it simply by introducing gram as a fourth coordinate, at the 


7 The denominations pentaspherical and hexaspherical coordinates are not 
general enough, as they apply only to spheres in three dimensions. It would be 
better to call them respectively lower and higher spherical coordinates, as they are 
chiefly used (in Felix Klein’s terminology) in the lower (Móbius) and higher (Lie) 
geometry of spheres. Then every sphere in an n-dimensional Euclidean (or pseudo- 
Euclidean) space would be characterized by n+2 lower and n+3 higher spherical 
coordinates. : 

8 The procedure of Dirac could also be used in our case and the comparison 

of the two methods might provide another proof of the close connection between 
spinors and geometry of spheres. 
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same time making the coordinates homogeneous, which raises their 
number up to five. Thus, we put? 


"m "m 
nin? N? 5:5 =o 28s — = at (5,4) 


` 


Mathematicians have done it till now in a very similar manner writing 
only 1 instead of our 2, a constant with the dimensions of length 1°. This 
is obviously permitted, but by so doing one fixes once for all the unit 
of length and hampers the insight into the physical meaning of the 
formulae. To retain the possibility of arbitrary changes of the units 
_ of measurements, 7 has been inserted in such a manner as to preserve 
dimensional homogeneity of the five terms on the right-hand side 
of (5,4). ` : = 
An equivalent mode of writing the definition formulae (5,4) of 
the pentaspherical point-coordinates 7 is 


„m ap oe E 
=o eed ae 


where o is an arbitrary factor subject only to the restriction of being 
Ero from zero (and being the same in all five equations (5, 5)). | 
The five coordinates 7 are not independent as they fulfil iden- 


-tically the quadratic. relation = > 


7 mm — 75 n° (7) - P+ PP T =0. R (5,6) 


t 


The bars above the 7’s serve to fomnind: us that we have to do with 2 


_ pentaspherical point- -eoordinates. These coordinates will turn out 
= be- a. ‘Special case cf Z sphere- OURO: which we 


i A going now to introduce. ; ZE 
Eg 2 With pentaspherical point -coordinates the equation ‘of the Ę 
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by putting 


CHA 
l 


| y= on™, 7? = 0 , nos pola | (5,9) 


| 


The ratios of the five 7 in (5,9) define uniquely the given sphere, and 
the five independent variables 7 — as well as each of their five in- 
dependent combinations — are called therefore the pentaspherical sphere- 
coordinates. In contradistinction to pentaspherical point-coordinates 
they are independent. Instead of (5,6) we have now 


((77))= o*7* (5,10) 


Vim; (5,107) 


76 


or 


5.3. In the above considerations 7% has been different from zero. 
For 7=0 we get planes instead of spheres. This may be directly seen 
by inserting (5,9) into our initial equation (5.2): 


2mm — n? Wd 


m A 
— nP l=0. (5.11) 


nl 
For 75=0 this is an equation of a plane, nt, 47, 1, and — playing 


the róle of homogeneous plane coordinates. 

5.4. It is easy to introduce a new sort of pentaspherical coor- 
dinates in such a way as to make ((...)) in (5.8) an algebraic sum of 
squares. It suffices to put, for instance, 


mom Gil, S=F(y +79). (5,12) 


or equivalently 
i PE E NS E (5,125) 


The same equations may be used for the point-coordinates E and 7. 
Then (5,10) becomes 


| (45) = Em Em 4 (E52 — (4) = (EH (SPE (BP (EERE er (5,18) 
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and instead of (5,10’) we get 


VEED 3 
r= 4 56 l. (5,13 ) 
; j į | 
The pentaspherical point-coordinates $ are subject to the equation 
((54))=0 (5,14) 


which takes over the róle of equation (5,6). 
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Finally, equations (5,9) defining the relations between penta- 
spherical sphere-coordinates and rectangular coordinates of the centres. 
and the radii of the spheres become 


2— (020) BCE. 
"BER DeD 


o oon 


(5,15) 


bs 
~ 
~~ 


Both sorts of pentaspherical coordinates defined above, the 
y- and the &-coordinates, are called by different authors simply penta- 
spherical coordinates. We shall use them alternatively as sometimes 
one sort sometimes the other proves to be more convenient. 

5.5. Non-singular linear point-transformations carrying Over sphe- 
res into spheres are called Móbius transformations. Liouville has shown 
more than one hundred years ago that all conformal point-transfor- 
mations of a Euclidean space of more than two dimensions on to itself 
carry over spheres into spheres, and are thus Möbius, or conformal, 
transformations. In three dimensions they can be represented by non- 
singular linear transformations of the pentaspherical point-coordinates 
leaving invariant the quadratic condition (5,6) for 7-coordinates or 
(5,14) for E-coordinates. They form therefore a 10-parameter group. 
More generally in a Euclidean (or pseudo-Euclidean) space of n di- 
mensions there are n+2 „lower spherical point-coordinates” and it 
may be easily seen that the number of essential parameters of the 
corresponding Mobius group is * Rek 


[(m+ 2)? —1]— [3 (»-+2)(n-+3)—1]=3(n--1)(n-r2) (5.16) 


In particular the group of conformal point-transformations in 
four-dimensional Minkowski space has 15 essential parameters (see 
§ 8.0 below). 

- 5.6. The Mobius iingistapmatiOns as point-to-point transformations 
cannot yet play the part of the wave-front transformations we are 
after. They are, it is true, linear in pentaspherical point-coordinates 
and transform spheres into spheres and tangent spheres into tangent 
spheres, but in addition they leave all angles invariant and, what is 
worse, they make no distinction between divergent and convergent 
spheres and never change points into spheres or vice versa. All that. 
we know already about wave-front transformations suffices to foresee 


12 The transformation matrix has (n+2)? elements, the number of their in- 
dependent ratios is one less. The number of coefficients of a quadratic form in »+2 
variables is (n+-2)(n-+- 3)/2, but as not this form itself but only its vanishing is in- 
variant this number must be diminished by one. 
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that to define these transformation in a simple manner we must use 
sphere coordinates rather than point coordinates. But even then the 
pentaspherical sphere-coordinates will not do and we are obliged to 
go over to hexaspherical coordinates. 


§ 6. The hexaspherical coordinates 


6.0. Without doubt the pentaspherical sphere-coordinates are not 
yet the coordinates best adapted to our purposes; they may be cha- 
racterized as coordinates of undirected spheres as they do not discri- 
minate between two spheres differing only in the sign of r and we 
are in search of coordinates of directed spheres. 

6.1. We introduce therefore (on the fourth, yet unoccupied place) 
a sixth coordinate proportional to r itself, namely 


jl =>0T. (6,1) 


= 


Thus, from (5,9), we get 


(0.0) 
| mount pr, WEGO 2 -="U (6,2) 


| ZOZ 


where (vr) is given by (5,3). The six hexaspherical coordinates 74 
(A=1,...,6) are not independent as they fulfil identically the quadratic 
relation 


Lm = (nn) Fr? = (gh? + (2)? + (98 — (m8 PP nn =. (6,3) 


They are thus twice superabundant coordinates of directed spheres — 
in a three-dimensional Euclidean space; there are oot spheres in this 
space but each sphere is characterized by six coordinates as these 
coordinates (i) are related by the quadratic relation (6,3) and (ii) 
are homogeneous, so that only their ratios matter. 

Equations (6,2) solved for w, 7, a, and r-are 


m 4 = 
y= = l, r= m L. Z (6,4) 
The third equation (6,2) gives nothing new, due to (6,3). 

6.2. Hexaspherical £-coordinates may be defined similarly to the 
pentaspherical -coordinates by their connection with the 7-coordinates. 
An obvious generalization of (5,12) yields 

| magm, Hort, E= p(n"), &=F( +7) (6,5) 
or equivalently | 
nm == em, ni = é, U ana nr ZES 6% (6,57) 

; 19* 
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Instead of (6,2) we get 


2B— (ax) 
"ZERA ae, 6 = 
PEP SZOK AR A 


The hexaspherical £-coordinates fulfil identically the quadratic 
relation 


KE bem (EE) 4 (65)2 — (28)? = (EP eee (Se ee eo 


Instead of (6,4) we have now 


RTs ce ey AB (6,8) 
BRP = sap ge 


gm 


There are plainly no barred hexaspherical coordinates as (in three- 
dimensional space) there are no hexaspherical point-coordinates but 
only hexaspherical sphere-coordinates. 

6.3. Formulae (6,2) or (6,6) may be considered as defining a map- 
ping of the wave-front manifold on the points, directed spheres, and 
directed planes of an auxiliary Euclidean vt, x, x? space (supplemented 
by an improper point — see § 6.7 below). This mapping does not treat, 
however, all the Lie spheres (points, directed spheres, and directed 
planes) on equal footing but singles out the planes, as every set of 
finite values of v1, a?, 43, and r (together with an arbitrary value of g==0) 
represents a directed sphere or a point, whereas the planes appear 
only as limiting cases of spheres for r=>oo. 

6.4. We may, however, reverse, so to say, the situation by ex- 
pressing the same mode of Euclidean mapping in another way, in 
which points instead of planes play an exceptional róle. Instead of 
characterizing a sphere by the coordinates 4*(m=1,2,3) of its centre 
and its radius r, we shall do it by means of its curvature x=1/r and. 
three parameters defining its tangent plane in A (see Fig. 1). As we- 
are concerned with directed spheres and concordant contacts, the tan- 
gent plane z must be also a (suitably) directed plane. We can 
write, for instance, the equation of this plane in the form 


Nm 6” + d= 0, i | 3 (6,9) 


where the unit vector nm is the (appropriately chosen) normal to It, 
a unit vector pointing from its hegative to its positive side. Then d will 
be the distance of the origin of coordinates O from z — or, what amounts 

_ to the same, from the sphere — taken positive when O lies on the Ee 


i TPA ak. 
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tive side of z (as in Fig. 1, where d>0 and also r>0). From Fig. 1 
" we see that the coordinates 7” of C may be written in the form 


6 
x 
Ę 
„3 
= 
E 
l È 
P 
rd 
$ 
ą- 
3 


y= (Fd) nmn (6,10) 


and hence, availing oneself of the arbitrariness of 9, we replace ọ by 
oxl and get from (6,2) 
= n= —ol(1+ xd)", 


51 = 

ee (6,11) 
u =ed(2-- xd), 
y$=pPx. 
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where, from (6,13), 
alt 


=: 
$ 4 [urur 


(6,15) 
and the positive or negative sign has to be taken according as O lies 
respectively on the positive or negative side of the sphere. 

6.5. In particular, the hexaspherical coordinates of a plane (in 
the Euclidean mapping considered) will have the form 


y"=—glhm=6l, w=ol, yP=o2d, 7°=0. (6,16) 


The same expression can be obtained directly from (6,2) by 
a limiting process in which r becomes infinite and O flies off to infinity 
in such a manner as to leave in place the tangent plane z. 

6.6. From our point of view we must consider all the wave fronts 
(Lie spheres) as objectively equivalent. They may be defined analyt- 
ically as ordered sets of six (real) numbers called hexaspherical co- 
ordinates, (i) determined to within an arbitrary factor, (ii) subject to 
the quadratic relation (6,3) or (6,7) and (iii) non-vanishing simulta- 
neously. Every one of them can be brought into coincidence with 
any other by a suitably chosen wave-front transformation (Lie sphere 
transformation), i.e., a non-singular linear transformation of the 
hexaspherical coordinates leaving invariant relation (6,3) or (6,7). 
Consequently in principle all the six hexaspherical coordinates play 
the same rôle. y 

6.7. In our Euclidean mappings, however, defined by means of 
‘formulae (6,2) or (6,6), different 7- (and &-) coordinates get rôles of 
their own. In particular the spheres correspond then to sets of hexa- 
spherical coordinate with 


yi=+-0 and 7=6--66=0, (6,17) 
the points to 


m=H—0 and  nê= 454 +0, (6,18) 


and the planes to 
m=H+0 and q=66+6=0, (6,19) 


There remains still the alternative 


qzk=0) and r7=644—0 (6,20). 


which corresponds in our case to one wave front (Lie sphere) only, 
as (6,3) and (6,20) involve | 


AO steer) aaa (6,21) Ą 


| 
H 289 
and hence q!=q=r"=0. This improper wave-front of the given 


Euclidean mapping: 
(0,0,0,0, 1,0) ; (6,22) 
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t improper point or improper plane. 
With another signature of the quadratic forms in (6,3) and (6,7), 


en with these forms unaltered if one takes into consideration 
there exists a two-dimen- 


may be called with equal righ 


or ev 
not only real but also imaginary elements, 
sional infinity of improper elements. : : 
6.8. Now, to end this section, we have only to give the analytic © ię ; 


e wave-front transformations (Lie sphere trans- 
r notation, 


expressions for th 
defined in § 6.6. We shall write them in tenso 


formations) 
_ as follows 
$r AEAEE (ABe 2,6) (6,23) 
for hexaspherical &-coordinates, and 
(6,24) 


de = Beh 
These linear transformations are wave- 
leave respectively invariant equations: Et. 
dratie forms!). To do it, 

fulfil 21 conditions with — 


for hexaspherical 7-coordinates. 
front transformations when they 
(6,3) and (6,7) (not the corresponding qua 
each set of the 36 coefficients a or f must 
one arbitrary parameter, see Appendix A. Ree 
i 6.9.. lhe game reasoning that led us directly from the definition | 
3 d of the Möbius transformations in pentaspherical coordinates to formula = 
(5,16) can be applied to hexaspherical coordinates and wave-front ea 
transformations. It suffices to replace in (5,16) n by »+1. Thus we | 
_ get the number of essential parameters of the group of Lie’s sphere | 
formations in an n-dimensional Euclidean (or pseudo-Euclidean) 


4 


| space, viz... ~ wa 90 sumo koło 
u a p OE AW ES eG - ZĘ Ex 


SA RANE = 


+ 


yn between Euclidean geometry and wa 
acz - front transformations bog: WYKAZY A> 
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On the contrary, we shall show that a wave-front transformation 
which is practically indistinguishable from a Euclidean motion. outside 
ot Sr does not, in general, coincide with it even approximately within 
Sr. This will in no sense exhaust what might be said on the impor- 
tance of wave-front transformations in physics but, at any rate, it 
May serve as a first introduction. 

7.1. At first we shall prove that when R is very large in compari- 
son to / every wave-front transformation carrying approximately points 
outside of Sz into points outside of it is for these points approximately 
an equiform Euclidean transformation, i. e., a combination of a Eucli- 
dean displacement with a change of scale (a dilatation). One could 
be tempted to say shortly that Euclidean geometry may be used with 
sufficient approximation in all regions of the wave-front manifold | 
in which / may be neglected, but this would make no sense as (i) J does 
not play any róle either in ,,wave-front geometry” or in Euclidean 
geometry, it appears only in the relation between them defined by 
a „Euclidean mapping”, (ii) the same is true of „points”: by itself 
a wave front is never a point and it can only appear as such in a gi- 
ven Euclidean mapping. 

7.2. A more precise formulation of the above theorem would, 
therefore, read somewhat as follows. If there are given two Euclidean 3 
mappings connecting respectively the ordinary rectangular coordinates 


and the radii a”, r and «%, r” of directed spheres in two auxiliar y Eucli- 
dean spaces Ez and E3 with two systems of hexaspherical coordinates 


44 and 44 in the wave-front manifold, and a wave-front transformation 
n4= fA 753 (7,1) 
then #™ and r’ are functions of æ” and r 
pł | GM = OM (gre) P= Parr), LAO) 
In general these functions are not linear, our theorem states, however, 
ie that for 
E SE r=0, aa" >R?>>[2, aan of the order of R? (Tye 
| wm in (7,2) will be approximately given by linear functions of g”: 


RZA a", (74) 


Ar 


_ Felix Klein in his famous Erlanger Programm the main group (Hauptgruppe). 
In his later works he calls it the equiformal group (Gruppe der äquiformen Trans- 
formationen, cf., e. g., Klein 1910), a denomination introduced by Heffter and 
Koehler. We prefer to say equiform Euclidean as we shall have also to do with 

 equiform Lorentz groups, consisting of Lorentz transformations and dilatations. 


13 The group of all Euclidean displacements and dilatations was called bei 
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where the matrix of the coefficients bz is proportional to an ortho- 
_gonal matrix. 


7.3: We begin the proof by inserting in (6,24) the expressions 
(6,2) for 74 and similar expressions with primes for nA: 


0 an= | ager + BST + agi, (7,5) 
p i= ol agar + 9g 2 or +a (7,6) 
’l=¢ PREM | (7,7) 


Here mv=1,..,4 and #!=r. Dividing (7,6) by (7,7) and then both 


> > (7,8) 
(ibs) p+ + 5 + ps © Sopa ems 


* (ew) | Św) 


_ numerator and A5omińatór on the tight- -hand side by (#x)/l, we obtain 
k 

* 

£ 6 1 6 WZA: 

E. I? b5 + By Mig TE 


and similarly from (7,5) and (7,7) 


F A : - v . 2 
ZS ; Ru PLA - l 


x 


_ Outside of S Ede REM (or sufficiently small Ae 


ee (wa) DRY p w 
g KE 
Pao) fia a R as R módl: of the s 
2 are infinitely small of the fist order : at le 
| eral all 64 are of the sa same order of 1 
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A similar reasoning as applied to (7,8) yields with (7,9), whose 
left-hand member has to be infinitely small of the first order, 


FE-<O(): | (7,11) 
7.4. At first, let us assume ate | 
68=6=£f8=0. (7,12) 
The 84-matrix has then the form i 
> Josa 
oe eae i 
KOR R (7,43) Ą 
s  |6| 66 | 
0000]|0| ps 


In passing, f#— 0 follows from f° = B= 0 with 5$=0 due to (A.T) 

: for (A, B)=(w,6), but at the moment at least this is of no Ba 
a S207 Us. 

; From (7, cae we see that 


1.5. t we put 1 now l a ES eae 
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containing any coefficient enumerated in (7,12), we can tind all the 
restrictions imposed on the f’s in consequence of (7,12). Thus we find 
among others 


pa Bę = m”, (7,19) 
BĘ pe =1. (7,20) 


The first of these relations shows that the nine fr form, due 
to (7,18), an orthogonal matrix, hence its determinant is equal to +1. 
This is confirmed by (7,20) together with (7,14) and (7,18). There are 
no restrictions for 5$ and Bf. All that we can say therefore of the co- 
efficients b™= 6™/6} is that they are proportional to the 6 which form 
an orthogonal matrix (so long as the ams do not increase so much 
as to invalidate the initial assumptions of our problem), and of the 
coefficients bw = p/p that they are quite arbitrary (with the same 


proviso as for by) as B$ is quite arbitrary. We can put therefore 


bml=a™ (7,21) 


and the three coefficients a” will be also quite arbitrary (with the | 


same proviso). Finally, as r has already been put equal to zero, (7,17) 
goes over into (7,4) with the same significance of the coefficients. 
7.7. We have yet to free ourselves from the too restrictive as- 
sumption (7,12), which is sufficient but not necessary for the validity 
of conditions (7,10) and (7,11). Instead of (7,12), we write therefore 


l B l AA 
PE BS = pa 5 BĘ = prs (7,22) 


and consider the coefficients y as of the same (or a smaller) order of 


magnitude as f$. Thus we could obtain more general formula than (7,4), 


but the difference between them and the old formulae would dis- 
appear with 1/R tending to zero. We do not write them down here, 
as they stand in near connection with a general formula which will 
be obtained in Part II. t$ 


8. Conclusion 
8.0. Many of the foregoing formulae invite us, so to say. to put 
4 r= ct, (8,1) 


where ¢ is the velocity of light in vacuo, and thus to pass to four- 
dimensional space and to „progressive wave fronts”. This has been 
- often done before by mathematicians, for instance in both textbooks 


E | gn 


getting thus anoter coordinate transformation representing the same 3 
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mentioned in § 4.0 and also by Cunningham (1910) and Bateman 
(1910) when they demonstrated for the first time that Maxwell’s equa- 
tions are not only invariant under the 10-parameter Lorentz group 
but also under the wider 15-parameter Móbius group of conformal 
point-transformations in four-dimensional space. This group is known 
to be isomorphic with Lie’s group of sphere transformations in three- 
dimensional space, i. e. with our group of wave-front transformations. 
Equation (8,1) stands just in connection with the so-called isotropic 
projection which establishes a one-to-one correspondence between the 
points of a four-dimensional space and the directed spheres of a three- 
dimensional space. 

But from the point of view of the physicist it is not so sure that 
by considering c in (8,1) as the velocity of light we do not restrict 
our theory to photons (and the electromagnetic field). It is hoped 
that the question of the relation of the present theory with four-di- 
mensional (and five-dimensional) space will be more thoroughly in- 
vestigated in the forthcoming Part III of this intended series of papers. 

8.1. To conclude the present Part I it may be claimed that in 
it the elementary length has been built in in principle into the founda- 
tions of physies. The working out of the details will undoubtedly be 
possible only conjointly with the building in of the two remaining 
fundamental constants of microphysies, ¢ and h. It is true that the 
physical significance of these constants seems to be already known, 
but their building in must surely undergo essential modifications if 
it has to be done on the background of the wave-front manifold. In 


this connection it may be noticed that already the first step of our 


theory has introduced some features of the relation between micro- 


physics and macrophysics which are generally considered to-day as 


typical quantum effects. It is hoped that this aspect of the question 
will be dealt with in greater detail in the forthcoming Part II. 
Appendix A 


Let us first consider equation (6,23) of the text with given values 
of the 36 coefficients a as representing a coordinate transformation. 


FA=a46B, tr (ad 


As the s on both sides of this equation are homogeneous coordina- 
tes, we can multiply all the aż by an arbitrary non-vanishing factor, 


wave-front transformation. No loss in generality arises by fixing the 3 
arbitrary factor im the as, e.g. by postulating that the absolute 


| 
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value of the transformation determinant of (A.1), which must be 
obviously different from zero, be equal to unity ™: 


| let az|=1 (A.2) 


Then, the. coordinate transformation becomes a (six-dimensional) 
pseudo-orthogonal transformation (with 4 plus signs a 2 minus signs). 
Indeed. instead of immediately postulating (A.2), we can start with 
an arbitrary wave-front coordinate-transformation. By its very de- 
finition it leaves undisturbed equation (6,7): 


CEE = (E1)2-+ (EP (63)2— (42+ (6)? — (69) (A.3) 


and therefore, being a non-singular linear homogeneous transformation, 
it carries over <> into 


CP E> = AK: (A.4) 


- where 2 is a non-vanishing constant factor (depending on the trans- 


formation in question). 

It is easily seen that in our case / is always positive. This fol- 
lows from the fact that E> is an algebraic sum of 4 squares with 
plus signs and 2 with minus signs. Just so the quadratic form in ś* 


obtained from <é’ £> by expressing the Es in terms of the £s by (A.1) 
will consist of 6 linear combinations of the $'s, 4 of them being pre- 
ceded by plus signs and 2 by minus signs. It follows by the well-known 


law of inertia of real quadratic forms that A must be positive 1°. 


If we divide now all the a-coefficients by +i we get a new coordi-- 
nate transformation for which <££> = inv. and hence (A.2) is satisfied. 
The 15 relations fulfilled then by the a’s are well-known and we 
shall not repeat them here. They become ordinary relations of ortho- 


_ gonality by considering i&4 and 7&€ as fourth and sixth coordinates» 


ainin o acan 0 


respectively. : 

Without fixing the arbitrary factor in the a-coefficients, we can 
characterize the wave-front transformation matrix a for hexaspherical 
é-coordinates by stating that it is proportional to a pseudo-ortho- 
gonal matrix. 


14 Ag we are considering orly real transformations, the sign of this determi- 
nant characterizes the transformation. It cannot be changed by multiplying all 


the coefficients a by an appropriate factor, say C, as the determinant gets thereby 
the factor C8 which is always positive. 


15 The argument breaks down only in the case when there are as many plus 
signs as minus signs, as for instance for Pliiekers line coordinates in three-dimen- 
i 


sional space. 
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All the above considerations apply mutatis mutandis to the hexa- 
spherical 7-coordinates, whose transformation formulae we write in 
the form 

nt = p4 nP, (A.5) 


bat the conditions to be fulfilled by the f’s are a little more com- 
plicated. As the 7-coordinates are connected with the &-coordinates 
by formulae (6,5) of the text, we could use these formulae to compute 
the 8%s in terms of the a’s and get the required relations from the 
pseudo-orthogonality relations of the a's. But it will be still easier 
to take them directly from Weyl’s Analyse des Raumproblems (1928, 
Appendix 1). Weyl deals with hexaspherical coordinates (as „lower 
spherical coordinates”) in a four-dimensional Minkowski world, but 
analytically their transformations are identical with the wave-front 
transformations of our hexaspherical coordinates. The connection be- 
tween Weyl’s: w9,...,45 coordinates and our 7},...,7° coordinates are 


U0, 1,2,3 = 71,2,3,4; ug =(/2 he Ue = — (22. (A.6) 


Taking this into consideration, we get for the „modified *con- 
ditions of orthogonality” 


Go Bi RAD. (A.7) 
Bi 858485 — + (bb + 6965) = Pap eS 


~ 


(the sum over n=1,2,3 is understood), where all the non-vanishing 


components of 04% and 04B are 
OU = 022 — 533 — — g44— 1, 058— (6 —__ 9, (A.9) 
Ojq = ð= Öss = — 0441, Öre = Oss = 4. (A.10) 


C is the factor by which the coefficients 8 have to be divided 
in order to reduce the absolute value of their determinant to unity. 
The correctness of the values (A.9) and (A.10) may be directly 
seen from (A.7) and (A.8) by inserting there p= 64, where 64 is the 
ordinary Kronecker symbol; (4 represent then the identical trans- 
formation which must evidently verify (A.7) and (A.8) with c= =]. 


Appendix B 


Lemma. The coefficients f4 of a wave-front transformation (7,1) 8 
connected with two Euclidean spaces Es and E} as in $ 7.2, and car- : 


- 
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 rying over points of Fs into points of #3 and vice versa fulfil the 
_ relations 


3 BL = f= B= Bi = f= 6£= (B.1) 
e B=+ 0E0 Was (B.2) 
SSE (1, 1) for u=4 reads 

byt = of Bat + pint + BE n5 Ahi). (B.3) 


In order that = aa ni=0 for arbitrary values of 77, 7° and n, 
we must have 


s wre PONCE PPE 


p= p=. (B.4) 


en 


It follows then from (A.T) for. 


(A, B)=(4, 4) ers B=, 
| | (Ay B= (0,4) B30; 
ee BOM = 0, spiel ae 
F Pe ei para PASSE 
|. 
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DISTRIBUTIONS AND STATISTICAL MOMENTS 
OF BOSONS AND FERMIONS WITH SOME OF THEIR 
APPLICATIONS * 


By J. LOPUSZANSKI, Institute of Theoretical Physics, University 
of Wroclaw 


(received June 16, 1952) 


The present paper contains a sketch of an analytic method of solving com- 
binatory problems concerning the distribution of particles into cells, the particles 
being either distinguishable or not and the different possibilities of filling the 
cells being possibly subject to a priori given restrictions. This method rests upon 
the use of so called Laplace's generating functions. The fundamental generating 
function as well as the characteristic function of a generating function have been 
-defined and Newton’s polynomial expansion applied to the generating functions. 
Distributions of probabilities’ as well as their statistical moments have been ob- 
tained. Also application of the above method to problems in cosmic radiation, the 
theory of contrast in photographic emulsions, and the theory of number have 
been given. : 


1. Formulation of the problem 


Let us consider K cells consisting each of k elementary cells, i. Sy 
regions which may be considered from the point of view of quantum 
mechanics, as homogeneous and indivisible (e. g., one of the quan- 
tum levels in the case of a discrete spectrum of an operator or an 
infinitesimal interval in the case of a continuous spectrum). Let W 
partieles be falling on these Kk cells. The possibilities of occupying 
particular cells by the particles may be restricted by a priori given 


* Presented at the 55th session of the Wrocław Section of the Polish Phys- 


ical Society, April 3, 1952. At that moment the author did not know the paper 


-of C. Domb (Proc. Phys. Soc. A, 65, 305 (1952)), containing a part of the results 
of the present paper, in particular the method of the generating function — 
a name which Domb does not use — as well as its application to classical sta- 
tistics. However, the method given in the present paper is more general and 


the present paper includes also problems connected with quantum statistics and 
«applications. i ą 
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exclusion rules. One particle may occupy at most one cell. We assign 
the same statistical weight to each cell. 
Problem I. What is the probability of hitting by the W particles 
m out of the K cells in a given manner consistent with the given 
exclusion rules? For instance, each of the m cells has to be hit once 
(if there are no restrictions concerning the initial state) or each of 
them an even number of times, ete. 
Problem II. What is the probability that n particles will fall on 
a given group of k cells? 
Add to this a convention fixing the kind of statistics to be 
applied to the incident particles and each problem will split into 
three subproblems: 
(a) classical (distinguishable) particles ... Maxwell-Boltzmann 
statistics (abbrevia- 
ted M. B.) 

(b) quantum (indistinguishable) particles ... Bose-Hinstein statis- 
tics (abbreviated 
B. E.) 

(c) quantum particles with Pauli’s exclusion principle ... 
Fermi-Dirac statistics 
(abbreviated F. D.). 


2. The solution of problem I 


To avoid complicated expressions of combinatory analysis as 
well as loose intuitive reasonings we shall use the method of genera- 


ting functions introduced by Laplace. As the expression „generating ~. 


function“ is used in different senses by different authors, we begin 


E by giving a definition of this function as we shall use it together 


with some of its properties. | 
The method of the generating functions is a special, discrete, 


case of Mellin’s transformation based on the use of the complete set 
of functions 1, 2, 27, 2°,... (i. e. on the use of power series) < 


p= gy frora- [Fia] 
Z l | | 


where z=a#-+iy, O is a closed curve in the Gaussian plane surround- 
ing the point 2°=0, f(z) is called the generating function (abbreviated 
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gen. f.) and g(s) the determining function. The correspondence be- 
tween these functions one-to-one as the set of function 2” is closed 
and complete. 

An important property of this transformation is that for 


f(z) = y(s) 285 g(2) =D y(s) 4 


we have 


so that multiplication goes over in convolution and addition in addi- 
tion. Due to these properties a great many; complicated operations 
on determining functions can be performed on generating functions 
in a far simpler manner. 

In our case the determining functions are given by combinatory 
expressions for the number of events, hence we get the required ex- 
pressions by expanding gen. f. g(z) in a power series in e: 2 One® 


and picking out that term of the series whose index is equal to the 
number N of incident particles. In the case of classical statistics the 
number of events (the thermodynamic probability) is given by N! Cy, 
and in the case of quantum statistics — by Cy, the latter result 
being the consequence of the indistinguishability of the particles. 


Putting 
{fel = z f Ne de 
ć 


where C is a closed curve in the Gaussian plane around the point 
4,=0, we get for the number of events 

„for M. B. statistics ... W! {f(z)}w 

for B. E. and F. D. statistics ... {f(z)}w. 


Let us now introduce the fundamental generating function giv- 
ing the distribution of the number of particles per one cell without 


any a priori exclusion rules (the determining function is then equal 


to one). The fundamental gen. f. equals = 


for M. B. statistics ... eż h 
for B. E. statistics ... (1—2)—1 where |z| <1. ` 


iske ył 
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We obtain the distributions of an arbitrary number of particles 
into a greater amount, say s, of cells by making use of the multipli- 
cative property of the gen. functions. Thus we get 


Sa > om 
for M. B. statistics ... (ee sv number of events s¥, 
N=0 : 
% number of 
s jes Nea! events 
for B. E. statistics ... (1-2) = (TAT ew (EAH 
N=0 s—l 


To find out those distributions which admit only of certain 
occupations of the cells (exclusion rules), we set in the expansion of 
the gen. f. all the terms with the r-th powers of z equal to zero, 
where r runs over all forbidden numbers of occupation, the deter- 
mining function vanishes then for all values of the variable which 
are equal to r. Thus, for instance, in the case of the occupation of 
one cell by at least one particle the gen. f. is given by 


for M. B. statistics ... e-—1 


Z 


for B. E. statistics ... s —|=——, 
1—z 1—z 


The gen. f. of an occupation of m cells by at least one particle 
per cell in the case of M. B. statistics is 


(@-1)"= X Sh. > >> =) zN "JE ni> 0. 


n=1 nn=1i=1 =m Ni... 1 
But on the other hand 
aN z m a 4 ŚĆ ji (aż | NV. 
ate) L= PIEUGCZE 
; ; 


hence the number of the distribution in question is given by the 


formula $ 
> In- Dhen". (1) 
ni Toz 


meaty ea 1 a 
Zni=N nj, >0 s 


The gen. f. for ‘particles which may occupy each cell once or 
not at all (Pauli’s exclusion principle) is for K cells given by 


for M. B. and B. E. statistics ... (1+8)5 => (ye 
N 


F 
r m oats i | 20* | 
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and the corresponding number of events are 


for M.B. statistics ... N! = number of variations of K over N 


N) 


for B. E. statistics ... (wi: number of combinations of K over W. 


The gen. f. (1+2) is the fundamental gen. f. for the F. D. dis- 
tribution. It may be noticed that in the case of Pauli’s exclusion 
principle both the M. B. and B. E. distributions have the same gen. f. 
but due to the indistinguishability of the particles the numbers of 
events differ by the factor N! which plays a róle only of thermo- 
dynamic probabilities and cancels out in the calculation of ordinary 
probabilities 1. 

The gen. functions may also serve to investigate mixed distribu- 
tion, e. g., distributions of W particles into m +n cells, n cells being 
hit and the remaining m cells filled at random. We get 


fe) =en), gM) = Z 17) ma” (2) 
l 
It may be shown without trouble that, similarly to the power 


of a sum, expressions (1) and (2) may be expanded respectively into 
Newton’s binomial and polynomial. For instance 


Seoul) eee y oea 
PEN 


For real z<<1 
eż o(1 + 2)F1 ~ (1— z). 


We proceed now to the solution of our problem. The gen. func- 
tions giving the number of all the distributions into K cells with 
a priori given restrictions are of the form {f(z)}* where f(z) is the 
fundamental gen. f. subject to the given restrictions or its power. 


~ 


1 Ordinary, not thermodynamic, probabilities have to be used for the com- _ 
putation of distributions. It can be shown that „overdistinguishability* of the 
particles, i. e. distinguishability of particles occupying the same elementary cell, 
is equivalent to indistinguishability. For bosons both „overdistinguishable* as 

indistinguishable statistics may be used, for fermions there are three possibilities: 
»overdistinguisha bility“, distinguishability and indistinguishability. This PORE 
will be dealt with in a forthcoming note. 
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The gen. functions for the number of these distributions into m cells 
subject not only to the a priori given restrictions concerning the 
occupation numbers but also to the interdictions contained in the 
formulation of our problem are of the form {g(z)}™. As 


e= (| olay fege 


m 


we can interpret the terms of this binomial expansion as gen. f. of 
the events in which m out of the K cells are filled in conformity 
with the requirements resulting from the gen.f. g(z). At given N 
and K the probability for m is given by the ratio of the number of 
favourable events to that of all possible events, namely 


pim, K, N; ge) = (fea (x) foe ege). 


To find the moments we may apply the method of characteris- 
tic functions, called also often generating functions or Laplace’s ad- 
juncts as they were also first introduced by Laplace (cf. Gniedienko 
1950). We obtain the characteristic function of a given distribution 
by subjecting the probability P(m; K,N;g(e)) to the Fourier trans- 
. formation 

2 em Pim; K, N; 9(2)) (3) 

m=0 
As the distribution of probability differs from the value of the de- 
termining function for a given N by the factor er which is in- 
dependent of m, we may consider the characteristic function (3) as -. 
the characteristic function of the determining function. Subjecting 
the gen. f. to a discrete Fourier transformation, we get the charac- 
teristic function of the gen. f. 


and consequently the momenta  - SP 
A (= 8)! (9+ 9-68) go a, 
M, ={f(2)* x" a $ | $ T A 1a 2 


For example the gen. f. of the first moment: M,—=Kgf*—! and of the 
second moment: M,=K(K—1)9° fe +M,. From the properties of 
the characteristic function and from the gen. f. itself one can draw 
= conclusions concerning the asymptotic behaviour of the moments and 
the distributions (e. g., Hadamard’s radius of convergence, and the 
criteria of convergence of power series). — 

AE dą? 


„dor F.D. statistics .. Św) za => | 23 (Gw) (al eN; 
N N n 
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The above method may be simply generalized to the case of 


multidimensional probabilities P(m;; N, K; 9;(z); j=1,...8), where mj 


is the number of cells occupied in conformity with the initial ex- 
clusions rules and the exigencies arising from gen. f. g,(z). In order 
to find the gen. f. for our problem, we substitute Newton’s poly- 
nomial for Newton’s binomial and get 
s s s 
: K! i K—Z mi 
-=y [[ we |t@—S ata | 


mj.. j=1 my! (K—Y mi) i=1 
i=1 
The characteristic function of the gen. f. is in this case 


D(z, 0), j —1,... 5) =[/(2) =) g;l2) > g,(2) eŚr]E. 


3. The solution of problem II 


This problem does not concern the number of cells subject to 
certain conditions — as in Problem I —, but the number of parti- 
cles incident on a chosen set of k cells. Consequently the formalism 
of the gen. functions must undergo some modifications and instead 


of the polynomial expansions of gen. functions we shall consider 


gen. functions as products of other gen. functions. 
For classical particles (case Ila) we get the binomial expansion 


(a) lz) (x) 


and in the limit when N,K—oo at constant NK-!= a = const., 


` we get the Posisson distribution 


aN 
A 


N! 


In the case of quantum particles (cases IIb and IIc) the gen. f. 
has the form 


for B. E. statistics ... (1—z)—** = (1—2) EDk (4 _2)-2 
for F. D. statistics ... (1+ 2)**=(1+ 2)&—-0k (1 + 2)k, (4) 


Expanded in power series in z these functions are 


at 


| _ for B.E. statistics > [ eer |e si EB E — ai pHi 


n 


2 
| 
7 
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and the distributions read 


‘for B. E. statistics- =. ky Eo a an T) n--k—1 
A N } N—n n 


y ae Kk|-' (Kk—k\ [k 
for F. D. statistics ... (w) IRE ) (*). 


Whereas for classical distributions, due to their infinite divisibility, 
the numbers of elementary cells in a group are irrelevant (Gnie- 
- dienko 1950), these numbers play an essential part for quantum 
distributions. > 

= Applying Fowler and Darwin’s method (1936) to the gen. func- 
tions (4) for N, K >o at NK-!= a = const., we get the quantum 
analogue of the Poisson’ distribution AE, 


Ea > ca (2 GOA 
( > ja>o*o _ where o= (144) > ia 


for B. E. statistics ... 


korzy) mę 


E- A 
"for F. D. statistics ... (K)o on 5 where s=4 (14) ; RE. 
We see that for finite k's these distributions differ widely from 
that of Poisson and go over into it only for k->co at a = const. 
Whereas quantum distributions depend on k not only through 6; 23 

their average values and their dispersions depend on k in the same 
_ manner as Poisson’s distributions: : a R e 


Fett ey 


‘for B.E. statistics ... B(n;k,0)=a 


||| o(n;k,6)=a (1 a = >a Lexis’ coefficient >1 


ae for F. D. statistics Soa B(n;k,9)=a O ogo z 


EEEN 


that W confor 


` 
HO 
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4. Applications 


The main fields application of the above theory lie in the 
theory of cosmic radiation, the theory of photographic plates par- 
ticularly the theory of contrast, and in the theory of numbers. 

In cosmic radiation one measures the distribution of showers 
by means of G. M.-counters at a given instant of time. These meas- 
urements and their theory constitute a complement to the theory 
of stochastic processes. Just as in statistical mechanics one either 
considers the system at a given instant of time or follows the par- 
ticle in its motion using the ergodic properties of the system. 

We shall consider now a special case of Problem I which play 
an important róle in the theory of measurements of cosmic radia- 
tion, namely: without restrictions concerning the occupation of the 
cells, what is the probability that m groups of cells consisting each 
of k elementary cells will be hit each at least Ż times. We put k=1 
in Problem Ia, the question is: what is the probability of m cells 
being hit (/=1). The gen. f. giving the distribution is then 

K 
ee (e—1)™ 


and the probability, due to formula (1), is 


Pim; K, N) =K (a) D y) m 5) 
l 


> 


This formula was given by Schrödinger (1951); it was also ob- 
RD tained independently of one another in two different ways by K. Florek 

ż and the author in spring 1951>?. It concerns cosmic particles but it 
is based on classical statistics. 


* Presented at the 37th session of the Wrocław Section ofthe Polish Physical 
Society, April 12, 1951. i e r 
: 3 Formula (5) may be also obtained in another way without the use of gen. H 
` functions. W classical particles fall on K cells. One particle can hit only one cell. 
What is the probability that m cells will be hit? It is obviously given by the 
ratio of the number of all possible distributions of N particles into m arbitrary 
chosen cells out of the given K cells, each of the m cells being hit, to the num- 
ie “ber of all possible distributions of N particles into K cells. The number of all — 
possible distributions is KN. We choose a certain group of m cells. N particles | 
can be distributed into these m cells in such a manner that no cell remain. 
_ empty in : Fa 


m s m SA ; 
Zllm-Zcv(tjn=": Summ m>o 
[usa i RS 


Ny... i=1 


“se nay <awsgj 
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For the expectation we get 


E(m) =K (1 (1— z] | 
K 3 
This is the Nutting-Romer formula (cf. Ingarden and Mikusiński 1952). 
of the theory of photographic emulsions. For | 
K,N>oo at NK t= b= const. 


_ it goes over into Nutting’s formula (1913) 


pa m 
a eg pee) 
E ( 4 l—e >. 
If N is subject to the Poisson distribution, we obtain from 


our gen. f. 


ZAW WA GA 


R), z Lees 
pm; KE, 2) = = (m) eae nr 
where z is ike average a of particles per E i cell. 

For m=K this formula goes over into- Auger’s formula (Cocconi, 3 
3 Loverdo and Tongiorgi 1946). It is also based on classical statistics dA 
and in particular it implies the Poisson distribution for N, which EE 
do not seems legitimate. In the above formulae K is the ‘noniber ae 
of the G. M.-counters, N — the number of incident cosmic particles 
and m — - the number of counters hit. E 

; For oe: particles JODY Tb, c yield the gen. functions = 


2 ae SEE CT 


R. 
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where K is again the number of Geiger-Miiller or scintillation coun- 
ters, k — the number of possible positions of the particles in a coun- 
ter (which is infinite due to the continuity of the position spectrum), 
z may be interpreted as the average number of particles in an ele- 
mentary cell. For koo at zk =a=const., we get both for B. E. 


and F. D. statistics 
i=1 


(LS) LS af © 


s=0 s=l 


that is the gen. f. of Problem Ia (for M. B. particles) in which k=1 
and a=z. Thus it has been shown how the quantum problem for 
G. M.-counters passes into the classical one. For l=1 formula (6) 
goes over in (5). 

The above formulae can be applied to measurements of distribu- 
tions of cosmic particles, as follows’. We have 


P(m; l, a, K) = 2 P(m; l, N, K) P(N; a) 


where a is a parameter defining the distribution of the particles 
(e. g., the mean value for one cell). The quantity P(m; l, a, K), 
(m> 0), is measured experimentally, P(m; l, N,K) is found theoret- 
ically in the present work. There remains P(N;a) to be found, 
which is equivalent to the solving of a system of linear equa- 
tions. As the case m=0 is not measured, the distribution is deter- 


‘mined but for an arbitrary factor. The parameter a depends evi- 


dently on the ‘domain of measurement, which may be varied in 
different ways. In small domains in comparison with the dimen- 
sions of the shower (r—200m) the distribution P(N;a) must lie 


close to an infinitely divisible distribution with the Kolmogorow 
characteristic function 


y(t) = exp [ita + J (o#—1— ito) aea)}; G(+ 00) = o(N) 


the integral being extended to the whole range of variability of the 
‘Stochastic variable. < 

~ We proceed now to the theory of photographic plates and in 
particular to the problems of contrast. We shall consider grains of 
different sensibility, the sensibility being characterized by the aver- 


24 4) Incidentally, the same is true for all „generalized Schrödinger formulae“ 
giving the probability of m cells being hit each exactly l times. 
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age number l of light quanta needed to blacken a grain. Let the 
whole emulsion be uniformly illuminated. The grains being macrosco- 
pic entities are subject to classical statistics, the photons — to 
quantum statistics. Let us divide the domain of observation into N 
cells of equal surface which is also equal to the cross section of the 
grains. Let the grains be distributed over these K cells on the plate 
according to a Poisson distribution, af(s) being the average number 


per cell of the grains whose sensibility is s, where Ż;f(s)=1; hence a 
s=1 


is the average number of grains of all sensibilities per cell (s decreases 
with increasing sensibility of the grains). The position spectrum being 
continuous the distribution of the photons is also of the Poisson 
type with the mean value b. 

We shall calculate the blackening caused by an illumination b 
when the sensibility distribution of the grains is f(s). This problem 
was treated by Selwyn (1935), Silberstein (1941), Webb (1941), and 
others. It is to be noticed that b is the average number of photons 
per cell and not per grain as in the paper of Silberstein. 

Let us consider grains of sensibility l falling at random on K 
cells; they hit cells which are already occupied by more sensitive 
grains (s <1), as well as m yet unoccupied cells. The probability 


I=1 
that out of (K—)n,) cells which were not yet hit m cells will be 
hit is Ą 
I-1 K 5 K-3 sj 
P(m; X mr, af(1), K) -{ ces AR Ea aE 


ni 
The probability that n, new cells will be occupied by grains of sen- 
sibility s, for s =1,2,3,... is 


FEI 
aż (KŻ nr)! KŻn, 
P(ns; af(8), K, s S) = fla (1—e—#/ ni E r 
A m'!(K— X nr)! =" 


The probability that not less than 1 photons will fall on m, out of 


the m cells is 


=I 


co 1-1 
m bym [ BRZ 
Pm; mt- IT(„(-"Zx" ("21 
j=0 


ES j=0 


Combining the distribution probabilities of photons and grains, we 
obtain for the probability of blackening of m out of K cells at 


» 
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given af(s) and b 


P(m; b, af(s), K; s =1,2,...) 52 a (Ms; ns, b) P(n.; af(s), K; s=1,2,.. E 
Seine 
; e p ZER 7 + 
! fi nr 13 
-5 5 [0 rin cet 2 
Miu ni. IE1 MU( rs; nr)! (mm)! : t=) i 
2m;=m a 
= b; ny— my 
X (. Do 
j=0 


where it has been already taken into account that 
T =. | 

co. O ZE co ; 

a E ya a eae 


% = m!(K—j'n,)!(m=m)! i mat KS) (a Hrs Mele 


Summing z2 (7) over m we = x P= ie 


nt Let aig calculate nów hej expectation of the 
E InP=Em) 


tH 


Be sustains Š à z? Ses for gm 5, and then Ji 2 
eS Mj- E 
> azs BEL, : 


oa 
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we have 
5 11 z 
co s—1 co co K&S nr 


| K(m) =2(—2 NY Se z \(a—e-aroym (oan AE 


s=1 j=0 To ee 


We substitute now 


Za “SH 3-2 SAILS 


$ mg 


Mg Il (=stl ny Ry...Mg_j [EL ES ñ] 
s s—1 
>>) ni=n 2 ni=n 
i=! i=1 


= KS m 4 n! > s ” 
ns ff and making use of the relation [] ( z |- Ę Ths ales E 


I=1 3 | I=1 I 


x b PR R ee ro 


3 RR SZER 5 w ; 3 PS : = wje ay 
NOTE 
s=1 J= WZ a ma : i 
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which may be written in the form 


—1 s—1 
n= KS (I > =) (1—e- #80) e ein (8) - 


whereas Silberstein got for the average blackening 


EZ (1-6 = A) (1—e—2/0) (9) 


a different formula from ours. 
s—1 

The difference esate of (8) and (9) ascribes a predominant 
influence on the blackening to grains of greater sensibility, which - 
seems to explain the fact that the average number of photons needed - 
for blackening is low. 

From the expression for the dispersion the influence of the 
configuration factor on the granularity of the emulsion has been 
calculated, but the formula is to intricate to be worth while to be 
given kam) 

The applications to the theory of numbers will be given on 
two examples only. 


Example 1. The distribution of an arbitrary number of bosons 
in one cell may be realized in one way only. Their distribution over 
an infinite number of cells, the first of which may be occupied once 
or not at all, the second twice or not at all,... the j-th 2/1 times 
or not at all, etc. can be also realized in one way only.. Hence the 
two corresponding generating funetions must be equal and 


co 


(Ia) = JJ I+a%) for |z|<1 


j=0 
giving an expansion in an infinite product. 

Example 2. Every integral number a>1 can be represented in 
a-unique way in the canonical form a=] U where r, are prime 


numbers and a, — positive integral EBSA or zero. Taking into 
account the equality 


> - (ee) 
Ina = X alnr; 


i=1 
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and applying a similar reasoning as in Example 1, we get 


> at = J] (zt) for |z|<1 
j=1 i=! 

or 
Ray A he ri)7! for Re(x%) <0 
j=1 i=1 


One can also give a general form to the Distribution Fune- 
tion of McMahon (1916) introduced in his ,,Combinatory Analysis“ 
and find a uniform analytic treatment of that analysis. 

The subject of this work was suggested to me by Dr B.S. In- 
garden in the winter 1950/51; it grew considerably during its exe- 
cution. 

The autor would like to take this opportunity te thank Profes- 
sor R. S. Ingarden for valuable help, suggestions and discussions 
throughout the course of the work. In addition, he would like to 
thank Professor W. Romer and Mgr A. Jaśkiewicz for pok dis- 
cussions. 
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ON A REGULAR FIELD THEORY I (CLASSICAL) 
By Jerzy RAYSKI, Department of Physics, Nicholas Copernicus 
University, Torun 
(received June 16, 1952)* 


Regular field equations are derived from a variational principle in a finite 
space-time domain. The existence and uniqueness of the solutions in the form of 
a power series expansion is proved. Conservation laws are inferred. 

§ 1. Introduction and Summary 


From the mathematical viewpoint, the possible reasons for the 


convergence difficulties encountered throughout the modern quantum 


field theory are threefold: (i) The point model of the interacting 
particles, i. e., the ‘singular character of the Green functions of the 
field equations. (ii) An infinite space-time domain and improper ini- 
tial conditions at minus or plus infinity (used in most of the recent 
investigations). (iii) Singular commutation relations between the field 
variables (connected with the Jordan-Pauli function). 

In the opinion of the author it is the point model of interac- 
tion that is chiefly responsible for the convergence difficulties, while 


the second quantization has nothing to do with the well-known di- 


vergences (except for trivial ones like an infinite zero-point energy 
of a field). Thus, the convergence difficulties seem to be classical in 
character. 

The singular chante of the interaction ae be avoided by 


introducing a new physical assumption; a non-point-interaction. This — 
' may be achieved by introducing a relativistic form-factor discussed 


previously by the author (Rayski 1951 a, b), by O. Bloch (1952), and 
by Kristensen and Møller (1952). In consequence of the appearance 
of a form factor, the integral field | equations (being a substitute for 
the traditional aiterentiok field equations) possess regular kernels. 

The second possible reason for the convergence difficulties (ii) 
may be avoided by taking a well defined, finite domain Q where 
the system of fields propagates under proper initial conditions. The 


* Reviseh manuscript received March 5, (1953). 
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existence and uniqueness of regular solutions of the integral field 
equations is then easily demonstrated by means of a (somewhat ex- 
tended) method due to Picard. The solutions are integer functions 
of the coupling parameter and may be computed by means of iter- 
ation. 

The regular field equations may be quantized directly without 
any reference to the canonical formalism. The problem of quantiza- 
tion and the proof of the existence of expectation values of obser- 
vable densities will be dealt with in Part II. 


1. Stationary Action Principle. Let us consider a set of 
field components! ©%(#) with given transformation properties (scalars, 
vectors, tensors, spinors, etc....) a denoting in short any one of the 
suffixes of the field components. These field components are func- 
tions of the variables w, in a finite domain © of the fourdimensional 
continuum. We assume that © is limited by two space-like 


hypersurfaces o, and c, of sufficient regularity and with a common 


edge B. We assume further that the set of fields forms an isolated 
system in 2 (without interaction with our measuring apparatus 


except on o, and o,). The fields in 2 are characterized by an action - 


functional W which is Lorentz invariant and invariant under trans- 
formations of phase by constant values (gauge invariance of the first 
kind). We assume further that the action functional may be split 
into two parts 

W=Wo-+W, (LB 


where WO is the well known bilinear form in the field components 


©” and their first derivatives ©, which, in the absence of W’, yields 
the Schrédinger-Gordon-Klein equations for the tensor components, 
and the Dirac equations for the spinor components of the fields. 
The other term W’ describes interaction between different fields. 
Let us consider the typical case where W” is formed of products of 
three field components, i. e. is a homogeneous bilinear fórm in the 
complex field funetions and linear in the components of the real 
fields. Let us assume for simplicity that W' does not contain the 
derivatives of the field components. Sometimes it will be convenient 
to illustrate the general arguments by a simple (though purely aca- 
demic) example of ‘two coupled scalar fields: a complex y, and 


a real p. In the frames of the local field theory the interaction part 


A 1 We follow in general the notations of Schwinger (1948, 1949, 1951) but 
use natural units h =0 = 1. 


iy 
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i ra of the action functional may be assumed simply as ~ 


W=g f duy*(a)o(a) pla), 


where g is the coupling parameter. In order to build up a regular 
field theory we shall introduce a non-localized interaction by. coking 
the field components appearing in W’ at different points 2’, a” o — 
ey and multiplying their product by a suitable form-tactor g 
F(a’. a" „0; ; Q) which in general may depend upon the domain oe 


iW WOW [um a JEŻ da” dat" Liat, Deg Oty Gee oy 


In the case of two scalar fields L' assumes the form 


L'=gF(w,w',w';o)jy*(w')p(a")y(a"). (13) 


Aj In order to preserve the hermitian character of Ww. the form-factor | 
must maty the condition it: e ; | 


z Tiya at ERENG a; ;0). SX ace D 


; of course, F must be invariant under inhomogeneous Lorentz trans- | 
formations. Further restrictions MARE the RL of the „łom ies a 
will be imposed later. — 3 He 
~ The variations of the field ‘components by W" introduce a  chang 
i o of the action tunctional: ‘ 
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The stationary action principle demands that the variations of 
the action functional should depend merely on the surface of the 
domain ©, or, the variation 6W should vanish if ôD“ vanish on the 
fixed surfaces o, and o,. This yields the Euler-Lagrange equations 


(0) (0) WRZE FAA) 
Só: oh) ote ne ffa dz OL (@ Ą „W kak (1.6) 
0x, Dul) ID (w) dD (x) 


Q 


where © denotes again this one of the points v’, ~”, œ” that appears 
as argument of the function @* and y, e denote the other two po- 
ints. We notice that the field equations depend upon the domain Q 
where the system of fields is considered (and is assumed as isolated 
from other systems and measuring apparatus). Hence the solutions 
must depend as well on Q 


p“ =O" (@; Q). (1.7) 


This is an essentially new feature of the field theory brought about 
by the non-local interaction. In the simple case of two coupled 
scalar fields equations (6) are 


(ELI — m*) y(@) ==: -gff dz” dx” F(a, WNE Qjp” jy"), 
Q 


(O 2) g(a) = —gf | da! do!” Fiw' aa”; O)y*(a')y(a"), (1.8) 
2 


(B=m)yr(o) =—g | f dada" Flea”, 0; Oyy (a. 
Q 


2. Field equations. Equations (1.6) and (1.8) are integro- 
differential equations. We replace them by pure integral equa- 
tions. Let us introduce the Green function Giaa, y), connected with 
the field ©”, with the properties d o 


(Oo — m) Gin (2,y) =— O(@—Y), 7 


A (2.1) 
G(4(W/0,Y) = 0, BUY du Ga (2/0, y) =9, 


(2.1) applies to the case where Ø” denotes a tensor component. In 
the case of spinors G°(a, y) is defined by 


(7! Oy m) Hey (0,Y) =— 0(0—V), Gio (2/0, Y) = 0 (2.2) 


where 4- apply to the case of a spinor field or its conjugate pryt 


The symbol w/o denotes a point # lying on a surface c which is. 
situated in Q with a common edge, B, with the surfaces o; and og. 


21* 


\ 
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Denoting by o, another surface of the same e on which the po- 
int «©, is lying, we have e. g. in the case of bosons i 


—A(x—y) tor Ox>Y>o 
Galery) =) A(@—y) for o>y> ox (2.3) 
0 elsewhere, 


where A is the well-known Jordan-Pauli function. In the case of 
fermions we have a similar expression in terms of the well-known 


function 
S(@—y) = (7*34—m) A(0—y). (2.4) 


Let us introduce the kernel 


Kalm y, e; Q) = fdu Kolo, u) Bia’, 0", 0"; Q), (2. 5) 


where u denotes this one of the points «©, œ” ot that appears. as 


PERS S PEE 


argument of the function p” while y, z di the remaining two - 


points. In view of the properties (2.1) or (2. 2) of the Green func- 
tions, we see that K( vanishes (together with its normal derivative 
in the case of bosons) for points w on the surface o and patistiog 
the following equation 


Gan Be or ad nash a 


Sree 


| (Dm?) Ke (a, „ajm 3 Fiat's w Z foe 
"(> x) Ky (©, a 10”) = —Fiu' wa a"; yee 


GR za (aa) = P 


zę 
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which may be written also in terms of the kernels K”. ©; denotes 
a solution of the interaction-free Schrédinger-Gordon-Klein (or Dirac) 
equation, q? denotes the complex conjugate of ©” (in the case of 
spinors the corresponding equation is somewhat more complicated). 
u denotes again this one of the points «',«”,«w'” that appears as 
argument of the function pf. From the properties (2.1) or (2.2) it 
is seen that ©” coincides with the free wave 45 (together with the 
normal derivative in the case of bosons) on the surface o. With the 
aid of (2.5) the integral equation (2.8) may be written in the case 
of two coupled scalar fields, as follows 


pla) = oto) +g | | dy de Ky (ay, 2,p(Y)v(8), 
Q 

ye) =qolw) +9 | | dy dz Ky (a, 9,2) y*(y) v2); (2.8') 
Q 


p*(0) =yela) +g | | dy de Kola, y, 2)y* (Y) pC). 
Q 


A proof of the existence of the solution of the set of integral 
eqations is given in the Appendix. 

3. Conservation laws and correspondence. The conserva- 
tion laws follow from the invariance of the action functional W with 
respect either to infinitesimal phase transformations or to infinites- 
imal rigid displacements and rotations of the domain 2. The general 
variation of the action functional is 

Si ÓW = 66W + ôW, (34) 
where doW is the variation produced by the variations of the field - 
comqonents 6,¢* at fixed space-time points, and 6,W is the varia- 
tion produced by the infinitesimal variations of the boundaries o, 
and o, of the domain 2. Taking account of the Lagrange equations 
we have from (1.5) 

910 
ss W= 66WO = (f iu f az) Ft" SE 
0ą 04 


u 


We notice that the variations of the field components affect only 
the interaction-free part of the action functional which is identical 
with that in the local field theory. Therefore we obtain the same 
expression for the charge as in the traditional theory. Perfoming 
infinitesimal variations of the phase of the complex field compo- 
nents we find as usually 


5 aL” > aL® 
ee | dense?" => c | don sae" (3.3) 
a Oz a 04 3 
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where <*= + 1, or 0 for complex field components their complex 
conjugates, ane the real field components respectively. Thus, apart 
from a constant factor, we may call the conserved quantity 


(Oe 
0 a and oł | (3.4) 
the charge or the system, and 
| SLUB ma 
a) = ot SE .Ge(g) | (3.5) 
i= Z Se 


the charge and current density four- vector. The charge is conserved 
on the boundaries o, and cą of the domain 2. The analogy with 
the local field theory is merely formal owing to the fact that the 
Lagrange equations (1.6) and their solutions (1.7) depend upon the 


Jy, 


5 ZYKA = 


domain of integration. This domain may be taken arbitrarily small — 


so that we may write nay 


lim ə =0, 
eter ede EJ c= 


f - - > aise * 


` 


but this „continuity ES is an ‘empty statement since the whole 


_ field formalism becomes meaningles in the limit 2 —0. 


Bes tum conservation laws we carry out an infinitesimal SĘ Z 
er R and rotation of the domain Q we EA 


a z 
u SEE rege 
Is 


nasz 


In order to infer the energy-momentum and the angular momen- , 


Regular Field Theory I 321 


At the same time we perform the variations 6,® in such a way 
that the new field components assume the same values on the sur- 
faces o, + do, and o, + 60, as the old ones did on the surfaces cz 
and o;. The action functional is invariant under translations and 
rotations of the boundaries together with the field components whence 
the whole variation vanishes 


SW = SWO + SW’ = ôs WO + ês WO + ôW = 0 (3.8) 


where ôs W® is given by (3.2). By taking e„ arbitrary and sm- 0 
we infer from (3.8) a tensor 


4 


R ZIE FT w (3.9) 
with the property 
P,(o,) = J doy T wv = f doy T wy = P, (02), BAG 
04 


Oz 


so that P, may be interpreted as the energy and momentum four- 
vector. In the same way, by taking ew arbitrary and e, = 0, we 


find a tensor | 
My, = Mo + Maw (3.11) 
with the property 


Imlo) = | doz Maw = f doz Mayo = Iulo), (3.12) 


where I,, may be interpreted as the angular momentum. 
We notice that the variations ôs W® and 0, WO are (formally) 


identical with those of the local field theory so that we may refer ~ 


the reader to the literature (W. Pauli 1941, J. Schwinger 1951) for 
details of the construction of the interaction-free part of the energy- 
momentum and angular momentum tensors TY, and M$%,„. In the 
following we shall limit ourselves to the construction of the interac- 
tion parts le and Mi,» which will follow from a discussion of (3.7). 
| In order to compute 7, and Mi», we must know the depen- 
dence of L’ on the domain Q, that is, the dependence of the form- 
| factor F(a',a0',0'';Q0) on 2. This dependence may be fixed unam- 
= piguously by invoking the requirement of correspondence with the 
local field theory. In order to secure the correspondence let us in- 
= troduce a parameter’ 2 (with the dimension of a length) into the 
|- form-factor F in such a way that the form-factor goes over into 
a product of two Dirac delta functions in the limit 2— 0: 
| 


lim F(a’, 2”, 0"; Q) = (0 — a") (@"— 2"). (3.13) 


of the conserved quantities) are independent. In order to satisfy 


_ cient but we have to take their linear combination (3.16). In the — 
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The form-factor must be invariant under displacement of the origin 
of the coordinate system, and therefore it is natural to introduce 
first a Lorentz invariant distribution function R(#,yz2;/) indepen- 
dent of Q, with the properties 


R(x,y,ż; A) = R*(2,y, 8; A), in R(x, y, 2; A) = 6(%)ó(y) d(2). (3.14) 


With the aid of this distribution function (which should be regarded 
as more fundamental than F) we may define the form-factor F 
either by 

E58 Ee E JEŻ f de Ra’ w w” — w, w” — am; A) (8-603) 


which is independent of 2, or by 


F,(2', 0", CME Q) = | dok a’ — a, os’ — 9, mm; 4) (3.157) 
Q 


which refers directly to the domain 2. More generally, we may 
consider a linear combination 


B(x! 00"; O) = a, F(a, O a") + og Fe @", a3 OY. (8.16). 


With (3.15) or (3.16) the invariance of the form-factor under transla- 
tions is automatically secured in contradistinction to the paper of 
Kristensen and Møller. It is easily seen that for 4—0 the Lagrange 
equations go over into the local ones if the coefficients of (3.16) 
satisfy the condition 
a + a = 1. (3.17) 


We shall show that the requirement of correspondence of the energy- 
momentum density tensor and of the angular momentum density 
tensor with the local ones yields another condition for the coeffi- 
cients of (3.16), namely 


3a, + 4a, = 1, t (3.18) 
so that a, nad a, are fixed unambiguously = 
Ue ote Mae (3.19) 


and we have no other choice for the form-factor F. Thus, the two ` 
requirements of correspondence (that of the field equations and that — 


both requirements a simple form-factor (3.15') or (3.157) is not suffi- 


limit of the domain Q being the whole space-time F, and F, become 
identical and the formalism simplifies considerably. 


toh 


a 
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In order to determine 7,, and M;,,, we compute (3:15) 


> | 8,W' = f do’, ów, Í f da! da!" Dda, a” ya" Q) 
Q 


+ fdo, ów, | f da" du” Li (a! 0", a0"; Q) 
i Q (3.20) 
See f dop day, J J da’ dx” F (a, 7-00) 
À A > 


eke): 


+ e [San da" dw" bg La", a! far"; Q). 


In order to avoid non-essential complications, we restrict a 
again to the simple case of two coupled scalar fields, where T 
given by (1.3) with F given by (3.16). The last term in (3. an 
becomes 


4 ang f do pêp RA dz" ar Ria’ — 0, W maa sp) y*)a') p (w iz | pla”) 


Ki gag wół A ders ea 


3 pom 


i 80 that 6,W’ may is written as 


Z 


Z pe 


ôW = f ds, ô zj JĄ da! da!" (a, 2", Z > 


; se [far da” I'(w' y0," Q) 
(3.21) 


R = A ff fae ae nial a R 


4 


en far ue a aa” Riri" 22 "—a) peyi ay. = 


RE 


we. consider ma variation 0 and 


"RAZ 
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where, e. g., 


Paa hae a, | da! R(0—w0,0'—w' w" — aw") j 
29 
, Ta AUT r: „ta r (3.22 ) 
+ a, | dw R(a—x"', w" — aw, vw — w) 
2 

and so on... 
By taking e,=0 and e 
mentum density tensor M, 


w arbitrary we find the angular mo- 


yu connected with T, in the usual way: 


May (90) = Wy Tua) — v, Tiu (2). (3.23) 


The interaction part of the energy-momentum density tensor 
is symmetrical. The interaction-free part T4, may be symmetrized 
in the usual way so that the whole T,,=7%+T,, is symmetrical 
da ay: 

We see that expression (3.22) is rather complicated, since it 
contains seven terms altogether, three of which appear multiplied 
by a, and four by a,. In the limit of localizability (A=0) each of 
those seven terms goes over into the usual expression for Ta of 
the local theory. Thus we find 

ae T,v(%) = (3% + 40) J Ó,%*(0) (L) (2) (3.24) 
wherefrom the condition (3.18) follows. 

Going over to the limit of the whole space-time manifold (as 
the domain ©) F, becomes identical with F} so that the form-factor 
as well as the Lagrange equations and the expressions for the energy- 
momentum density tensor simplify considerably. For example, 
T,„ becomes 


climi ee > 
02 —> +00 
"a gó, lal da! da” da!” {R(x — 2", dw, a—w')y*(v) g(a’) w(x") 
+ Baa", wa", g" — aw") yig) (a) p(w") ee 


+ Rae", ey", cu", pw) px") p(s) 


2B (a'— a, w!— a, w" —@ y*(w') o( 0") yla). 


It may be added that the particular position assumed by the free 
variable » in the separate terms in (3.25) is not essential. This fol- 
lows from the fact that the variations are identical in the case of 
rigid displacements- However, the special form (3.22) or (3.25) with 
respect to the positions assumed by 2 appears the most natural if 
one regards the common domain Q as a special case of four inde- 


pendent domains Q, ©; Q”, Q'” of the variables By M; Ow! 
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The results of this section may be summarized as follows. The 
regular field theory satisfies the conservation laws of quantities 
which may be interpreted as charge, energy and momentum, and 
angular momentum. The conservation laws refer to, and only to, 
the surfaces o, and cz enclosing the domain 2. The two require- 
ments: (i) that the field equations should go over into the local 
ones, and (ii) that the conserved quantities should become identical 
with the usual ones in the limit 20 (A is a fundamental length) 
are independent from each other. Only a special form of the form- 
factor (3.16) with F, and F, given by (3.15) and a, and a, given by 
(3.19) secures the correspondence with the local field theory, The 
form-factor (3.16), the Lagrange equations (1.6), and the expression 
for the energy-momentum tensor density simplify considerably in 
the limiting case of the surfaces o, and o, tending respectively to 
minus and plus infinity. 

The author is much obliged to Professor ©. Møller for the 
opportunity of studying his paper before publication. 


Appendix. An investigation of the problem of existence of 
regular solutions. 


Let us introduce the natural units czkhk=4=1 whereby all 
the field quantities become dimensionless. We assume g>0. In 
order to simplify the notations we omit the arguments #,y,2 of the 
field quantities and of the kernels, and omit the symbols dw dy dz. 
The integral field equations (2.8) may be written simply 


p=yrtgo | |J Kvov, p=gotgjf|| Koy*v. (A.1) 


We assume that the following (limited) integrals exist 


fifieise, ffflerlsu, fJf\Erlss | 0 
[ff \Koeve| <M, SS Epp <M, 
where K stands either for Ky or Ky. 
We try to solve equations (A.1) by means of iteration. We 
form the sequences Y'n, fn for n=0,1,2,... with po=Yc, Po = Fo de- 
fined by ś od | 


Yn= po +9 [| | Kypn=t9n=1 7=moFs |]J Epy: (A.3) 


tti R | 
APE. “Ante YZ (A.4) 
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we get : È 
Anp=g | [| Kyldnag + Podldn=1p + yo) 


Any=g | ff KyAnspAnay+9 fff Kygodnav 
+g ff [Kv sray-votof ff Kypowo- 


On account of 4oy =29p=0, we have 


[41 < g fJ] |Kypovol < Soe 


SiE in the same way, 


OT 


140] <gM. => 
Introducing a number N > M we have also 
|Aqyl<gN, |41p|<gN. 
From (A.5’) and (A.7) we find 
SEA AR oa om. 
Now, it is also OTe A 
OZ 


ROB sA X ae 
men sre 


ha 2. 1 


- (A.57) 


(A.5) 
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|Y3—Y2| < JN? (gN + 2) [ [| Ew + 4) | 
<gN(gN +2) f f [| |Kdry +419 + Yo + Pol 
< g3N?(gN + 2)(29N M + 2M) < g*N*(gN + 2): 2gN(gN +1). 
By repeating this procedure we find 
lyna "Yn| < PNN + 2)[29N (gN +1)", (414) 


from where a sufficient condition for the convergence of the itera- 
tion procedure to a solution of the field equations follows: 


2gN(gN +1) <1. (A.15) 


From (A.11) we find that the maximum permissible value of g 
is obtained for N=2M. By introducing this value into (A.15), we find 


3—1 1 
AE JI (A.16) 


Thus, the following theorem has been proved: 


If the conditions (A.2) are satisfied, then the integral field 
equations (2.8) possess solutions which may be represented in the 
form of a power series of the coupling constant g >0 for sufficiently 
small values of g (given by (A.16)). 

The first of conditions (A.2) constitutes a condition upon the 
form function regularizing the kernels. Further conditions (A.2) would 
be satisfied automatically if the „initial waves”, i. e. the solutions 
of the interaction free field equations yo and gs, were limited. For 
the sake of a subsequent quantization we cannot assume a limited 
Yo and go but have to consider the general solutions of the inter- 
action-free equations. It seems to be sufficient and necessary to require 
that (A.2) is satisfied if yo and g. are replaced by the two funda- 
mental solutions of the interaction-free equations, namely 4 and ao 
or At and 4. Pi 
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The Board of Editors does not hold itself responsible for the opinions expressed by a 
the correspondents : 


Battery Pulse-Supply for G-M counters 
STEFAN WĘGRZYN, CZESŁAW OSTROWSKI and WITOLD PACZEŚNIOWSKI 3 
Electrotechnical Institute, Silesian Technical University, Gliwice 


February 15, 1952 


A battery pulse-supply for G—M counters is reverie A: to obtain a 
small overall dimensions and weight of the apparatus. Working conditions for — 
measurements with the G—M counters often require that the whole apparatus, — 
including high voltage supply; pulse amplifier and registrator, should be transpor- — 
_ table, light, and of small dimensions. The circuit shown on fig. 1 has such pro- 
perties. All the tubes are of the popular type D-series. The high tension is ob- 
tained on the coil a D by, pulse-breaking of the anode current of > bee DL 3 4 


3) 
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quency of the relaxation, or by using a coil having a higher relation of the in- 


ductance to its self-capacity, it is possible to obtain in our circuit a much higher 
DE voltage (up to 3000 volts). 

The apparatus is independent of line voltage and easily transportable 
owing to the use of the battery supply, which at the same time gives steady 
work of the apparatus. 


Sur les spectres ramaniens des mélanges de pyridine et de 
Pacide acétique 


ROMAN MIERZECKI 


L'Institut de Physique Expérimentale de PUniversitć de Varsovie 


Juin 13, 1952 


Par Pótude des spectres ramaniens des mélanges de pyridine et de Tacide 
acétique on a mis en évidence les changement des fróquences propres des molé- 
cules aussi que l'apparition des fréquences nouvelles. Cette méthode mettant en 
évidence les modifications des fréquences permet d'étudier plus profondement les 
effets des associations moléculaires. Les móthodes- usuelles, utilisant les mesures 
de tension de vapeur; de parachore, de réfraction moléculaire ne donnent que les 


effets globaux. 


De ce point de vue on a étudié les spectres ramaniens des mélanges de ; 


pyridine et de lacide acétique contenant 61,0, 48,3, 41,4, 30,4, et 22,30/9 de pyri- 
dine par mole. Le fait le plus marquant aparaissant dans les spectres ramaniens 
de ces mólanges est la prósence d'une raie nouvelle Av =1005 cm—!. Même dans 
e mólange contenant 61,0°/, de pyridine la raie nouvelle es plus intense que les 
raies plus intenses de pyridine Av =990,5 et 1030,7 cm-t. Dans les solutions de 
pyridine plus dilućes Pintensité de ces deux raies diminue tandis que la raie nou- 
velle reste la plus intense du spectre. En outre dans les spectres ramaniens de 
ces mélanges on observe une raie nouvelle de fréquence 4»=881 cm~. 

En comparant les spectres ramaniens de pyridine, de lacide acétique et 
des mélanges on observe aussi les déplacement suivants des raies: 

Les raies de pyridine Av=650,9, 990,5, 1030,7 cm~! et la raie nouvelle 
Ay =1005 cm—! ont dans les mélanges des fréquences augmenteés. L’augmentations. 
passe par un maximum dans un mélange de concentration voisine de 400/, de 
pyridine. £ 
Dans les mélanges la fréquence de la raie de pyridine 4v=3056,4 augmente 
d'une fagon manifeste et celles des raies Ay =1217,6 et 1594,4 cm—! sont diminuées. 

La fréquence de la raie de Pacide acétique Av =2943,5 cm~! est diminuée 
dans les solutions et celles des raies Av =3046,9 et 3126,3 em— sont augmentóes. 


Une publication plug étendue va apparaitre dans Acta Physica Polonica. 


Am 
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The Existence of two OH-groups in H.SO, Molecules Verified 
by the Scattering of Thermal Neutrons 


J. A. JANIK 
Physical Laboratory, Jagellonian University, Krakow 
August 15, 1952 


The scattering of slow neutrons by molecular gases is well accounted for 
by the theory of Sachs and Teller 1. This theory states that a neutron being 
scattered by a proton bound in a molecule may cause a rotation of the whole 
molecule. The cross section for the scattering of a neutron by this bound proton is 


0=0_(h Mz Hz uye (Tą Ti+...) 


where 0,,=40y(oy is the cross section for the scattering of slow neutrons by free 
protons; op 20. 10 %4 cm?), To, 7,,... are terma depending on the energy of the 
neutrons and the molecules as well as the Maxwellian velocity distribution of 


the neutrons, u= ł$(u; +U +u) and m, Mug are the characteristic values of 
a tensor constructed in the following manner: 


We define a so called mass tensor of a molecule (M) by 


r2 r2 1 TT 
a, =(L+3 +). (M), =— +4, 
I, I; M, Iz 


where i,j,k=1,2,3; fi, fa T, are the coordinates of the proton as referred to the 
principal axes of intertia: I,, Ig, I, are the characteristic values of the inertia 
‘tensor of the molecule, M, is the mass of the molecule. 

We define the dimensionless tensor n =m M—!, where m is the mass of the 
proton. The characteristic values of this tensor are ny, Ng. Ng. 

Now, we define p, Ho, us by 


gl 1 1 
Fa deki? GŁ ere PROT: 


Comparison with experiment shows that the theory of Sachs and Teller 
may be also applied to the scattering of slow neutrons by some liquids. In this 


case, however, one must replace (Tę-+T+1--...) in the equation of Sachs and 
Teller by 1, so that 


0 = Moo (Hr Ha Ms H)h. 


For the H, molecules for example: n= 0,5, Ną=l, n=l 


Og, = 48,6 , 107% cm? 
-and the value obtained by Carrol? is Oy, 48 . 107% cme, 
Similarly for H,O molecules: n, = 0, Na=0,585, ng=l 
| 09,0 = 81,1. 107% cm? 
t R. G. Sachs and E. Teller, Phys. Rev. 60, 18 (1941), 
2 H. Carrol, Phys. Rev. 60, 702 (1941), 
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and the value obtained by Rossel? is 04,0 85,5. 107% cmż, and by the author 4 
09,0 7819 . 1074 emè. 

In his work on the influence of the electrolytic dissociation and the hydra- 
tation of H,SQ, molecules for the scattering of thermal nentrons the author 
obtained the value (1,26 + 0,03) em! for the absorption coefficient of thermal 
neutrons in the pure H,8$0,*. It seems to be possible to obtain this value theoreti- 
cally from the theory of Sachs and Teller. 

The structural formula for the H50, molecule is 


HOLS, O 
REA 
H.07 "No 
There are many chemical reasons for the ‘existence of two OH groups in the 
H,SO, molecule. The hydrogen atoms of these OH groups have probably the 
possibility of rotation arround the SO axis and the thermal neutron scattered 


by these hydrogen nuclei may produce this rotation. 


i 
The characteristic values of the tensor n belonging to these OH group are | 
M =0, Ną=0, Nz=L. therefore 
o = 51,2. 10~*4/proton. : 
The theoretically obtained cross section for the whole molecule is then 
Oy, 50, = ($12+51,2-+1,54+4 .3,8). 107% cm? =119,1 . 107** em? er: 
as og=15. 10-24 cm? and 09 = 358.1 072% em2. 
The absorption coefficient is 
mk 
sM 


where ọ is the density of H50, and M the mass of the H,SO, molecule. 


Inserting o= ¢g,s0, we get 


w=1,29 em 


in agreement with the experimentally obtained value. 


A Remark on the Dependence of the Cross-section for Pair | E 
| Production by Photons on the Atomie Number E 
i BRONISŁAW SREDNIAWA >>4 


Institute of Theoretical Physics, Jagellonian University, Kraków 
October 10, 1952 


In allmost all papers concerning electron. pair creation by photons in the 
Coulomb field of the nucleus only terms proportional to the square of the atomie 
number Z are calculated. It seems that only Jager and Hulme 1 proceeded further 


$ 8 J. Rossel, Helv. Phys. Acta 20, 105 (1947). 
A 4 J. A. Janik, Acta Phys. Polonica 11, 146 (1952). 
1 Jäger J. C, and Hulme H. R., Proc. Roy. Soe., 153, 443 (1936) see also 
Groshev L. V., Trud. Fiz. Inst. III, 118 (1945). ee 
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and got also the Z”-term. Their formula for the total cross-section for pair 


Z\2 Z \4 S| 
=al) B (r) ; 3 
where a and b are constants. 


The author tried to calculate the terms proportional to higher powers of Z 
than the second one using Dysons? formalism of quantum electrodynamics, and 
neglecting radiation reaction and perenimi The S- matrix for this process in- 


cluding terms proportional to Z and Z? is - 


Ute=1— | fate oi 
IH T k Je dn, dźrądte, P(H (ery) Hw) H'as)) 1404 Uy, - 


e = ciowa dw AME) H'=—iey(v zf pe AB 


3 - tk, x) : 
AK(u) = Ape , Ape = ey be 


creation has the form 


where 


and ey is the ‘polarization vector, bę —- the annihilation operator of photons GE 
momentum k and ; PZ M i af eb Bs a Cae SĘ 
| Ae oi oar ae 


= 4 


A are | the ua fĆ the external Gouloinb. potential. seo ien 
RA Banks for a = Siren in Fig. La, b, da i 


y 
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A where zd = pyły yt ete. i, k= l, 2,3; A, u= 1, 2, 3, 4, Wp+-> Wp- are creation and 
annihilation operators for electrons with the corresponding momenta P+, p- and 


PA ae ED aa RZS BE dż e Zbę i 

f (p++ p-— b kM pt | (PH+ p——k kt ph 

p e, Ean ZO, 

E p-kep+ < pękkpe  - Pe 

Be- faor era 6 Hip), [Ff = p. 
- | i e EPEE ANE PE T ky rx - 


D” ditto changing P+ 2 p—, 
PoE RAT oe 1 (kt — gt) g” łoś 
Bo EP m 0 |q|=P+> 
z | (a—p+) tx (g—p +6) tx |6—qg|P+ 


here d Q = sin 6d9d90. Here an auxiliary mass x has been added to make the 
integrals convergent. The integrals B” and O“ can be reduced to ellipti cand ele- 
mentary integrals. eta wage l 24 See 
; Squaring (1) and summing over both directions of polarization of the pho- — k En 
tons one gets terms proportional to Z? and Z”, whereas the terms proportional to ž 
_ Z vanish. The terms proportional to Z? give exactly the Bethe-Heitler formula °. i 


pre h tdci 


ca) 
d 


ada od ea 


ł ZZ, = 


s Bethe H. A. and Heitler W., Proc. Roy. Soc. 146, 83 (1934). 
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